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Abstract. Massless points with respect to a monotone measure are in-
conspicuous, however, they sometimes play important roles. In this ar-
ticle, we try to treat such roles along with standard elements of the
monotone measure space. By using Mobius transform, every inconspic-
uous role can be expressed by a certain element. We provide a method
to construct a null additive space in which inconspicuous elements and
standard elements in the given monotone measure space are mixed. In
this space, a function on the original space corresponds to a certain func-
tion on the null additive space, and Choquet integral values are preserved
under this translation.

Keywords: Fuzzy measure theory, Set functions, measures and inte-
grals with values in ordered spaces.

1 Introduction

In this study, we discuss the null additivity of monotone measures, or set func-
tions more generally. For a set function u defined on a measurable space (X, B),
we always assume that pu(@) = 0. We define A € B as a p-null set (or simply
a null set) if any measurable subset B of A satisfies u(B) = 0. We define that
w is null additive if u(B) = u(B U A) for any null set A and a measurable set
B € B, and that p is weakly null additive if AU B is a p-null set for any null
sets A, B € B. In the case where p is a monotone measure, the null additivity
is defined in [1] or [2], and these definitions are delicate and differ slightly from
study to study.

The concept of null and weak null additivities are important in analyses of
measurable function on monotone measure spaces. For example, considering the
relation pu({z : f(z) # g(x)}) = 0 (we denote it briefly by u({f # g}) = 0 in the
sequel) for a pair of measurable functions f, g, a monotone measure p is weakly
null additive if and only if this relation is an equivalent relation. Moreover, under



the condition of null-continuity from below, the weak null additivity implies
the existence of completion of the o-algebra B, and the completion is unique
when g is null additive. ([3],[4]). For a non-discrete monotone measure space,
equivalent conditions for the null and weak null additivities can be described
by the generalized Mobius transform (for the definition of Mdbius transform,
see [5]; for the equivalence conditions, [4]). Using the relation between classical
and generalized Mobius transforms, which we show in this study, we describe
conditions for the null and weak null additivities using the classical Mobius
transform.

A set function with constructive k-additivity (k € N), the definition of which
was given in [6], can be described using a signed measure on the space of finite
subsets with cardinalities not more than k. In the case where X is a finite set, any
set functions are (constructively) k-additive for some k (k < |X|). Each point
mass of the above measure with respect to a point A (the measure is defined on
a set family) is equivalent with the corresponding Mobius transform 74. Then, if
there is a massless point a € X, some influence factor may be represented using a
Moébius transform with respect to some finite subset of X. Thus, for an arbitrary
monotone measure space, we aim to construct a new non-additive measure space
with no massless point by replacing some points with suitable influence factors,
each of which has a one-to-one correspondence with some subset of X.

The new non-additive measure space inherit certain properties of the original
monotone measure space. As the first step, for a given monotone measure space
(X, ) (X is a finite set and p is a monotone measure) and a nonnegative function
f on X, we aim to construct a non-additive measure space(X, i) and a function
f on X, for which two Choquet integrals S ch fdp, [ oh fdfi are equivalent.

Moreover, the transformed ()N( , 1) and a function f also have same distribution
functions. Then, for all distribution function type integrals, the Sugeno integrals
or the Shilkret integrals, two integral values are equivalent.

2 Basic Properties

Let (X, B) be a measurable space and p be a set function (u(@) = 0). We define
the null set, null additivity, and null additivity as follows.

Definition 1. (a) A € B is a p-null set (simply null set) if u(B) =0 for any
B C A BeB.

(b) w is null additive if uw(B) = u(B U A) for any null set A and B € B.

(c) u is weakly null additive if p(BU A) =0 for any null sets A and B.

The generalized Mobius transform 7(---) is defined in Definition 2. Consider a
partition D = {D;}"_; of a general measurable space, then a set function can be
regarded as a set function defined on the n-point space D. Under this restriction,
the generalized Mobius transform coincides with the classical one.

Definition 2. (/5])
(@) D={D={D;}}_;,ne€N,D; € B,D; N Dy =0,Vj,k <n, j#k}.



(b) 7(D) = 7(Dy,---,Dy), (D —R) is defined by inductively:
1. 7({D}) = u(D) for any D € B.
2. 7(D) = wUpep D) — Z]D)’QD) (D).

The null and weak null additivities are described by the generalized Mobius
transform.

Proposition 1. ([4]) Let (X, B, 1) be a non-additive measure space.
(a) w is null additive if and only if

DeD,IA €D, A is a null set. = 7(D) =0.
(b) w is null additive if and only if
DeD,VAeD, Aisanull set. = 7(D)=0.

Originally, the above proposition was proven for the case in which p is a mono-
tone measure. The same method is valid for this case.

The classical Mébius transform for a set function on a finite set is well known
(see for example [7]) and it was used in various situations. In the case where X
is a finite set, we consider the classical Mébius transform {74}acx of a set
function g : (2¥ — R). The generalized Mobius transform can be represented
by the classical one.

Proposition 2. Let X be a finite set, p be a set function with p(@) = 0, T
be the (generalized) Mébius transform, and {vp}pcx be the classical Mdbius
transform. For an element D = {Ay,---,A,}, we define the family of finite
subsets I'(Ay, -+, Ayn) as follows.

F(Ala"'7An):{BC UAJVJSTL,AJF\IB#@}

j<n
Then, we have:

(a) Ta =7({ar}, - ,{an}), A={a,...,an}.
(b) T(Ala"' vAn) = Z B

Ber(Ay,,Ay)

Proof. (a) We can describe the definition of classical Mdbius transform by a
similar method with Definition 1, and this may be easily verified using the above
definition. It was also checked in [5]. (b) We prove this formula by induction
on the cardinality |D| = n. For a set A C X, by the definition of the M&bius

transform,
pA) = > 75
BCA

Then, this proves the case n = 1 because 7({A}) = u(A), and I'(A) = {B: B C
A, B #0}.



Assume this formula when n is not more than ny — 1. For any n € N and a
disjoint set family {A;,--- , A, }, the following formula was proven in [5] for any
n.

T(Alv e aAn—QvAn—l U An)
= T(' o aAn—27An—1) + T(' o 7A1’L—2a An) + T(' o )A’I’L—27 An—17ATL)'

Then,

T(' o aAn727An71»An)

= 7'(' . aAn—27An—1 U An) — T(' . ,An_Q,An_l) — T(' . ,An_g,An).

Set

DO = { o 7An072aAn071 U Ano}7 Dl = { o 7A1’L0727An071}7

]D)Z - { e aAng—QaAno}a D?) = { o aAnO—ZaAno—laAno}~
Then,
7(D3) = Z ™ — Z ™ — Z TB.
Ber (Do) Ber(d) Ber(Ds)

For an element of F' € I'(Ay,- -+, Apny—2, Ang—1 U Ay, ) satisfies one and only one

of the following (1) ~ (3).

(1) FNAn_1 # 0 and FNA,, # 0, thatis, F € (A1, -, Apg—2, Apg—1, Apy ).
(2) FnA,_1#0and FNA,, =0, thatis, F € I'(A1, -+, Apy—2, Ang—1)-
B) FnA,_1=0and FNA,, #0, thatis, F € I'(A1,- -+, Apy—2, Any)-

Moreover, I'(Dy), I'(Dz), and I'(D3) are disjoint from each other. This implies

that
> 8= ) = ), TB= ) T,
BeTI' (Do) Bel'(Dy) Bel (D) Berl'(Ds)
and this concludes the proof. O

The above proposition asserts that generalized Mobius transform can be
expressed by classical one when |X| < oo. The conditions for the null and weak
null additivities are expressed as follows.

Proposition 3. Let X be a finite set and p be a set function defined on 2°X.
Then, we have the following.
(a) w is null additive if and only if

AcCcX, 3z e A p({x})=0,=714=0. (1)
(b) w is null additive if and only if

AcCX, Ve e A, u({z})=0,= 14 =0.



Proof. (a) Let D = {Ay,---,A,} be an arbitrary element of D. Then, by
Proposition 1, we have only to prove that

M(Al) =0 = T({Ah T 7An}) =0, (2>

using the condition (1). Because the condition (2) clearly implies (1), then we
have that conditions (1) and (2) are equivalent.

By Proposition 2,
T(]D)) = Z TB-
Ber (D)

For any element B € I'(D), there exist a € BN A;. By the assumption of (a),
we have 75 = 0 for each B € I'(D). Hence, 7(D) = 0.

(b) We need only to prove that 7({Ay,- -, Ap}) =0 (D ={A;,--- ,An} €
D) if Ay is a null set for each k < n, under the assumption of (b).

To do so, we use the Proposition 2 again:

7(D) = Z TB.

Ber(D)

By the definition of I'(DD), any element B € I'(DD) satisfies

B C U Ay
k<n

Hence, each point b € B satisfies p1({b}) = 0 because b € Aj, for some k < n and
Ay, is a null set for any k < n. Then, we also have rg = 0 for any B € I'(D),
and this concludes the proof. O

3 Influence Factor

By the arguments in the previous section, a set function on a finite set is null
additive if there are no massless points. The purpose of this section is to construct
a null additive non-additive measure space, by removing massless points and
adding some influence elements.

Definition 3. Let X be a finite set and u be a set function on 2X. Then, A C X
is an influence factor if there exists Ja € A such that
(a) p({a}) =0,

(b) T4 #0, and
(c) ae BC A = m5=0.

N denotes the family of all massless points, and A denotes the family of all influ-
ence factors. We consider an influence element 14 corresponding to an influence
factor A € A.

For each B C X, set

Ip ={A|Ae A, AC B},

I={B:BNN#0, B=(B\N)u ] 4}.
A€lp



Remarks: For a massless point a satisfies that 74 = 0 if a € A, then we can
remove a from X. Then, we assume that, for any point a, there exists A which
satisfies 74 # 0 and a € A. An influence factor is a minimal subset satisfying
a € A and 74 # 0. However, in general, the relation between a massless point
and an influence factor is not a one-to-one correspondence. The relation between
“factor” and “element” is similar to that between “fuzzy set” and “membership
function”.

Proposition 4. Let X be a finite set , pu be a monotone measure on 2%, and A
be an influence factor. Then, we have T4 > 0.

Proof. Let a € A be a point satisfying the condition in Definition 3

w(A) = Z B+ TA

BCA
= E B + E B+ TA
BCA,a¢B BCA,aeB

= p(A\ {a}) + 7a.

The last equality holds by the condition (c) in Definition 3. Using the mono-
tonicity, we have 74 > 0. (]

Proposition 5. Let X be a finite set , p be a monotone measure on 2. Then,
we have the following.

(a) Iftp #0, then B=(B\N)UUxca acn A

(b) Let B,B' C X be any subsets of X. Then B = B’ if and only if (B\ N)U

Ip = (B/\N) Ulp:.

Notation and Remark: Set Ip = {14, 4 € A, A C B} and I is defined by I =
{B:B=(B\N)U UAeA,ACB}-

(a) of this proposition implies that 75 =0if BN N # () and B ¢ L.

Proof. (a) Consider an element a satisfying a € BN N. We prove that
there exist A € A such that a € A C B. If all proper subsets C C A with a € C
satisfies 7 = 0 then B € A. If there exist C C B with a € C and 7¢ # 0, by
replacing B with C and iterating this process until we find an element of A.

This property implies that, for all @ € B C N, there exist C € A such that
a € C C B. Therefore, we have

B=B\Nu| | c|.
CCB,CeA

and this concludes the proof of (a).

(b) As the “only if” part is clear, and we prove the contrapositive of the
“if” part. Assume that B # B. If BNN # B'NN, clearly we have (B\ N)UIp #
(B"\ N) U Ips. Then, we consider the case BN N = B’ N N, and this implies
BN N # B'NN. Assume that Ja € (BN N)\ B’. Then, there exists A € A
satisfying a € A C B, because B O Uycgacp A = Uaer, A- Assuming that
A € Ip/ then a € A C B’ contradicts to the assumption a € B’. Therefore, we
have Ig # Ip/, and this concludes the proof. O



4 Construction of null additivization space.

Using the argument in previous sections, we define the null addivization of mono-
tone measure space as follows.

Definition 4. Let X be a finite set and pu be a monotone measure on 2X. Set

X = (X\N)U{ta : A € A}. We define the transformed set function f by
defining its Mobius transform T as follows.

Aec A = 7~'{A}:7'A7
BCX\N = ;B:TBu

BelLB=|J C = 7pu, =0,
Celg

BelLB# |J C = 7Fpu, =75
Celp

otherwise, U C X 75 =0.

Let 1 be the set function with the Mdobius transform is 7. Then, ()Z',ﬁ) is the
null additivization of (X, ).

Definition 5. Let (Y,v) be a (not necessary monotone) non-additive measure
space on a finite set, {Tp} oy be its Mobius transform, and f be a nonnegative
function on'Y. Then, we define a Choquet integral of f on (Y,v) as follows.

Ch

fdv = Z ;rgglf(y)rg.
Be2Y

It is well-known that the above Choquet integral is identical with the standard
version, when p is a monotone measure. Then, the following theorem holds.

Theorem 1. Let ()?, i) and f be the null additivization of a monotone measure
space (X, 1) and a nonnegative function f on X, which are given in Definition

4. Then, we have
Ch Ch _

fdp=[_ fdpu.
X

X
Proof.
By Proposition 5,
Ch
fdu = min f(z)7p
X B;( rEB
= Z min f(z)rp + me f@)TB
BCX\N " Bel
= Z min f(z)rp + Z min f(x)7ray + Z min F(@)Trm Nvyurgy
BCX\N " Aca ™ BeLgaVEB\NVIE
Ch
= fdn.



O

Ezample 1. Set X = {a,b, ¢} and define a monotone measure p on X as follows.

p({a}) = p({b}) = 0, p({c}) =1,
p({a,b}) =1, u{a, c}) = 2, u({b,c}) = 3,
p({a,b,c}) = 3.

Then, the Mobius transform is given by

Tay = Tipy = 0, Ty = 1,
Tlab} = T{a,c} = 1, Tip,e} = 2,
T{a,b,c} = 2.

In this case, the null addtivization is given by:

X = {C t{ap)s L{are)s bt }
= {C’ a’ /877}7
N ={a,b}, A={a,B,7}.

Then, the translated Mobius transform is calculated as follows.

ey =L Ty =1, Tggy =1, Ty =2,
Teal = T{e,8} = Teq} = 0,

T{e.8} = Te,8a} = Heant =0,
a8} = T8} = Haqt =0,

Ha,pq1 =0,

?{Cva,ﬁw} = (Tape =) — 2.

Let [t be a set function defined by the above Mobius transform. We have pi({«, 8,7}) =
4 and p({c, o, B,7}) = 3. Hence, this set function is not monotone.
Consider a function f on X, f(a) =1, f(b) =2, f(c) = 3. Then,

= f(A)riey + (f(@) A F(O))T(apy + (F(a) A f(€))Tiae} +
(FO) A F(@)Tpey + (F(a) AFO) A F(€))Trab.ey
=3Xx14+1x14+1x14+2x24+1x(=2)=T.



On the other hand, Choquet integral of translated function is calculated as
follows.

fdfi =" (min f(2))7
Ucx
= f(e)T(ey + [()Tray + fF(B) sy + f(V) Ty +
(fl@) A FB) AT A F(Q)Tieon8.01
=3Xx14+1x14+1x14+2x24+1x(=2)="T.

Thus, two integral values are the same.

The translated set function in the above example is not monotone. Therefore,
this example illustrates that a translated set function is not necessary monotone
even if the original set function is monotone.

Lemma 1. Let X be a finite set, u be a_monotone measure on 2% and f be a
nonnegative function on X. X, i, and f are null addtivization of X, p, and f
respectively. Then,

(a) IffCh fdu =0, we have f(z) =0 for any x € X\ N, and mingc 4 f(z) =0
for any A € A, where N is the set of all massless points and A is the set of
all influence factors.

(b)  w{f(z)>r}) =p({f(x)>r}) for any r > 0.

Remark: By Lemma 1 (b), the distribution function of f is same with that of
f. This implies that the Sugeno and Shilkret integrals take same values on the
both spaces, where these integrals are defined on (not necessarily monotone)
non-additive measure space using the distribution functions.

Proof. (a) Using the monotonicity of u and the Choquet integral with re-
spect to pu,

Ch Ch
f

0= [ f@duz [ f@)lpyda=FOu{p) >0,

Ch Ch
0= (x)dp = (#)1adp 2 (min f(z))u(4) 20,

for any b€ X \ N, and A € A. We have f(b) = 0.
By the definition of A, there exists a € ANN such that 75 =0ifa € B C A.
Then,

n(A) = Z T8+ 7a = p(A\{a}) +7a.
BCA\{a}

By Proposition 4 and p(A\ {a}) > 0, we have u(A) > 0, and this concludes the
proof of (a).



(b) Fixing r > 0 and setting A, = {z : f(x) > r}, we have:

N(AT) = Z B

BCA,
SR

BCA,\N BCA,,Bel

= Z B + Z T{ay + Z T(B\N)UI5 (3)
BCAAN ACA, AcA BCA,.BgA,Bel

We remark that:

on BCN, fcoincides with f,
on a one point set {ta}, A € A, f(ta) = mingea f(z), then, 14 C A, if

and only if {¢a} C {f(y) > r}, and B

on B\NUIg,ye{f(y)>r}ifandonlyify € B\Norye Ig, f(y) =
minge, f(x) > r.

Hence, we have:

3) Yo Tt Y. Tuat > T(B\N)UIz

BC{f(y)>r}\A Ae{f(y)>r}nA (B\N)UIpC{f(y)>r}

= p({f(y) > r}).

5 Conclusion

In this study, we have analyzed relations between classical and non-discrete
Moébius transforms, and given equivalence conditions for null and weak null ad-
ditivity for set functions on a finite set. We have also defined a method to con-
struct a null additive set function from a general monotone measure. Along with
a translated function, in the new non-additive measure space, the distribution
function and the distribution function type integrals remain unchanged under
this translation.

Our construction of null additive spaces is based on the argument to express
the target monotone measure by using a certain o-additive signed measure on
the family of finite subsets of target space. A similar situation can be found
in [2], this provides an expression method to describe a monotone measure by
o-additive (non-negative) measure on some set family space. Our problem may
be improved or developed by using this idea.
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