
Constructive set function and extraction of a
k-dimensional element

Ryoji Fukuda1, Aoi Honda2, and Yoshiaki Okazaki3

1 Oita University, 700 Dan-noharu, Oita city, Oita 870-1192, JAPAN
rfukuda@oita-u.ac.jp

2 Kyushu Institute of Technology, 680-4 Kawazu, Iizuka city, Fukuoka 820-8502,
JAPAN

aoi@ai.kyutech.ac.jp
3 Fuzzy Logic Systems Institute, 680-41 Kawazu, Iizuka city, Fukuoka 820-0067,

JAPAN
okazaki@flsi.or.jp

Abstract. We define a constructive non-additive set function as a gen-
eralization of a constructively k-additive set function (k ∈ N). First,
we prove that a distortion measure is a constructive set function if the
distortion function is analytic.

A signed measure on the extraction space represents a constructive set
function. This space is the family of all finite subsets of the original space.
In the case where the support of the measure is included in the subfamily
whose element’s cardinality is not more than k, the corresponding set
function is constructively k-additive (k ∈ N). For a general constructive
set function µ, we define the k-dimensional element of µ, which is a
set function, by restricting the corresponding measure on the extraction
space to the above subfamily. We extract this k-dimensional element
by using the generalized Möbius transform under the condition that σ-
algebra is countably generated,

Keywords: fuzzy measure· nonadditive measure· k-order additivity· Möbius
transform · distorted measure

1 Introduction

k-additivity of a set function on a finite set was introduced by M. Grabisch
([1],[2]). This reduces some complexities and was used in several situations (see,
for example, [3], [4]). The Möbius transform of a set function µ is a set function,
which gives a one-to-one correspondence between the original set function µ and
the transformed set function {τB}B⊂X . (In this study, we assume that each set
function µ satisfies µ(∅) = 0.) A set function µ is k-additive (k ∈ N) if its Möbius
transform {τA}A⊂X satisfies τA = 0 when the cardinality of A is greater than k.

Next, we consider a measurable space (X,B), where X is not discrete in
general, and B is a σ-algebra over X. The k-additivity of a set function on (X,B)
was proposed by R. Mesiar [5]. A signed measure on the product space of the
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original space represented a generalized k-additive set function. A generalized
Möbius transform was defined, and formulaic k-additivity was defined in [7]. We
call the former k-additivity constructive k-additivity.

We consider the family of all finite subsets of X whose element’s cardinality
is not more than k, which we call the extraction space with order k. This space is
denoted by X [≤k], and for each A ∈ B, A[≤k] denotes the family of all elements of
X [≤k] which are included in A. The constructive k-additivity was reformulated
using X [≤k], then µ is constructively k-additive if there is a signed (σ-additive)
measure µ[≤k] on X [≤k] which satisfies µ(A) = µ[≤k](A[≤k]) for any A ∈ B. We
call the measure µ[≤k] the constructing measure. The measure µ[≤k] is uniquely
determined in this formulation ([8]). On the other hand, for a set function µ on
(X,B), the Möbius transform was generalized as a function on the correction of
all finite disjoint B-measurable set families D ([8]). µ is formulaic k-additive iff
τ(D) = 0 for any D ∈ D satisfying |D| > k, where |D| denotes the number of
finite sets in D ∈ D. A constructively k-additive set function is always formulaic
k-additive, and under certain conditions, a formulaic k-additive set function is
constructively k-additive ([8]). The existence of the constructing measure is an
advantage of a constructively k-additive set function, in various arguments. For
example, the monotone decreasing convergence theorem for a Pan integral was
proved when the corresponding fuzzy measure is constructively k-additive ([6]).

In this study, we define a constructive set function as a generalized construc-
tively k-additive set function(k → ∞). A distorted measure is a set function
µ described by µ(A) = f(ν(A)) using some finite measure ν and a function
on R+ vanishing at 0. In section 3, we will prove that a distorted measure is
constructive if the distortion function is analytic and satisfies certain additional
conditions. Consider the case where f is a polynomial with degree k, then µ
is constructively k-additive. In general, a constructively k-additive set function
is formulaic k-additive, and in the case where a distorted measure is formulaic
k-additive, the distortion function must be a polynomial with degree k if the
corresponding finite measure satisfies “strong Darboux property” ([7]).

The constructing measure µ[∗] concerning a constructive set function µ is
defined on X [∗], which space is a set of all finite subsets of the original space.
Then, logically, we can define the constructively k-additive set function by re-
stricting the constructing measure to X [k], which is the subfamily of X [∗] whose
element’s cardinality is k. We call this restriction the k-dimensional element of
a set function. We propose a numerical extraction method for the k-dimensional
element using the generalized Möbius transform of a constructive set function.

2 Constructive set function

Let (X,B) be a measurable space, X is a set and B is a σ-algebra over X. We
assume that each set function µ defined on B satisfies µ(∅) = 0. First, we define
the space of finite subsets of X.



A k-dim. element of a constructive set function 3

Definition 1. Consider the space of all finite subsets of X and denote the space
as follows.

X [∗] =
{
{xj}nj=1 : n ∈ N, xj ∈ X, j ≤ n

}
,

and for each A ∈ B we define

A[∗] =
{
{xj}nj=1 : n ∈ N, xj ∈ A, j ≤ n

}
⊂ X [∗].

We call the space X [∗] an extraction space.
Let k ∈ N be an integer. Then we define the extraction space with order k

X [≤k] and its subsets A[≤k] (A ∈ B) as follows.

X [≤k] =
{
{xj}nj=1 : n ≤ k, xj ∈ X, j ≤ n

}
,

A[≤k] =
{
{xj}nj=1 : n ≤ k, xj ∈ A, j ≤ n

}
⊂ X [≤k].

We also define a space X [k]. We use this concept to define a k-dimensional
element of a set function.

X [k] =
{
{xj}kj=1 : xj ∈ X, j ≤ k

}
, (n = k).

A[k] =
{
{xj}kj=1 : xj ∈ A, j ≤ k

}
⊂ X [k].

Remark that {xj}kj=1 is a set and xj ̸= xℓ if j ̸= ℓ.

Using the above X [≤k], constructive k additivity of a set function µ was defined
[6] and we define constructive set function by generalizing k → ∞.

Definition 2. Let (X,B) be a measurable space, we define σ-algebras B[∗] and
B[≤k] (k ∈ N) as follows.

B[∗] = σ
{
A[∗] : A ∈ B

}
,

B[≤k] = σ
{
A[≤k] : A ∈ B

}
.

Then a set function µ on B is constructively k-additive if there exists a signed
measure µ[≤k] on (X [≤k],B[≤k]) such that

µ(A) = µ[≤k](A[≤k]). ∀A ∈ B,

and similary, µ is constructive if there exists a signed measure µ[∗] on (X [∗],B[∗])
such that

µ(A) = µ[∗](A[∗]). ∀A ∈ B.

We call the measure µ[≤k] or µ[∗] the constructing measure.

Next, we define a generalized Möbius transform.
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Definition 3. Let (X,B) be a measurable space. We define a family of extrac-
tion bases D on (X,B) as follows.

D = {D = {Dj}nj=1 : n ∈ N, Dj ∈ B, j ≤ n,Dj ∩Dk = ∅ (j ̸= k).}

The size of each extraction basis D ∈ D is defined by

|D| = |{D1, . . . , Dn}| = n,

and set

∪D =

n⋃
j=1

Dj .

For a set function µ, we define a generalized Möbius transform τ of µ by induc-
tion. τ is a function on D.

(a) τ(D) = τ({D1}) = µ(D1) (|D| = 1).
(b) Assume that τ(D′) are defined for all D′ satisfying |D′| < n (n ∈ N). Then,

for D ∈ D with |D| = n

τ(D) = µ(∪D)−
∑
D′⊊D

τ(D′).

Note that the inclusion D′ ⊊ D implies that D′ is a strict subfamily of D as a
family of disjoint measurable sets (|D′| < |D|).

Fix an element D(= {D(n)
j }Nj=1) ∈ D, and consider a subfamily DD = {D′ ⊂

D,D′ ∈ D}. We consider a set function µ, and set µD as follows.

µD(D′) = µ(∪D′).

Let τ be the generalized Möbius transform of µ, τD be its restriction to DD. Then
µD is a set function defined on a finite set, and τD is its classical Möbius trans-
form. Thus, τ provides the classical Möbius transform for each finitely divided
subfamily D′. In this point of view, we call an element of D an extraction basis.

Next, we consider some subsets of the extraction space. This is a critical
concept in the proof of the uniqueness of the constructing measure. ([8]).

Definition 4. Let D = {D1, . . . , Dn} be an element of D. Denote

Γ (D) = {{xj}mj=1 ∈ X [∗] : xj ∈ ∪D, j ≤ m, Dk ∩ {xj}nj=1 ̸= ∅, k ≤ n}

We call the set Γ (D) the limited extraction concerning the extraction basis

D ∈ D. This set consists of finite sets U included in ∪D =

n⋃
k=1

Dk, and for each

k ≤ n, U ∩ Dk ̸= ∅. Therefore, m(the cardinality of {xj}mj=1) must not be less

than n = |D|.
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Proposition 1. Let µ be a constructive set function (or a constructively k-
additive set function for some fixed k ∈ N), µ[∗] ( resp. µ[≤k]) be the correspond-
ing constructing measure, and τ be the corresponding Möbius transform. Then,
for any D ∈ D, we have

τ(D) = µ[∗](Γ (D)) (resp. = µ[≤k](Γ (D))).

Let A be the family of a disjoint finite union of Γ (D) (D ∈ D). Then, A is an
algebra over X [∗] (resp. X [≤k]) and this implies that µ[∗] (resp. µ[≤k]) is uniquely
defined on (X [∗],B[∗]) (resp. (X [k],B[k])).

Proof. For a constructively k-additive set function, the proposition was shown
in [8], and we can prove it similarly for a constructive set function. ⊓⊔

Remark. A set function µ is formulaic k-additive (k ∈ N) iff τ(D) = 0 for any
D with |D| > k ([7]). Then, by using Proposition 1, the constructive k-additivity
implies the formulaic k-additivity, because Γ (D) ⊂ X [k]c if |D| > k.

3 Distortion measures and Constructive set functions

A set function µ on (X,B) is a distorted set function iff there exist a finite non-
negative measure ν on (X,B) and a function f on R+ satisfying f(0) = 0, such
that µ(A) = f(ν(A)) for each A ∈ B. We call the function f a distortion func-
tion. Monotonicity of the distortion function is often included in the definition
of “distorted measure”. In such case, µ is a finite monotone measure. A distoted
set function is bounded if the distortion function is continuous.

The following properties are relations between (formulaic and constructive)
k-additivities and a distorted measure. These are described in [7], [8], [5].

Proposition 2. Let (X,B) be a measurable space, µ be a distorted set function
on (X,B), f be the corresponding distortion function, and ν be the corresponding
finite σ-additive measure.

(a) ([5],[7])
If f is a polynomial of degree k, then µ is formulaic and constructively k-
additive.

(b) ([7])
Assume that, for any t, s ∈ {ν(A) : A ∈ B} (s < t) and A ∈ B with ν(A) =
t, there exists B ⊂ A such that ν(B) = s (this property is called “strong
Darboux property”). Then, if µ is formulaic k-additive (or constructively
k-additive), the degree of f must not be more than k.

As an extension of Proposition 2 (a), we have:

Theorem 1. Let (X,B) be a measurable space, µ be a distorted set function,
f be the corresponding distortion function, and ν be the corresponding finite
σ-additive measure. Assume that f is an analytic function described by

f(t) =

∞∑
j=1

ajt
j , aj ∈ R,
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and that
∞∑
j=1

|aj | ν(X)j < ∞.

Then µ is constructive.

Proof. We define a measure values of µ[≤k]

µ[≤k](A[≤k]) =

k∑
j=1

ajν(A)j

for any A ∈ B. This defines the set function µ[≤k] on A because each generalized
Möbius transform is determined uniquely by using the above values. Let νj be
the j-th product measure on Xj , and we restrict this set function on B[≤j] ⊂ Bj .
Then, we consider a finite sum of signed measures:

µ[≤k] =

k∑
j=1

ajν
j .

By the assumption of the theorem, the following limit always exists.

µ[∗](A[∗]) = lim
k→∞

µ[≤k](A[≤k]).

Its finite additivity is clear. Then, we have only to prove, for any set sequence
{Dm}m∈N ⊂ A satisfying Dm ↘ as m → ∞, µ[∗](Dm) ↘ 0 as m → ∞.

Let ε > 0 be an arbitrarily small positive number. There exists N such that

n ≥ N ⇒
∣∣∣µ[∗](D)− µ[≤k](D ∩X [≤k])

∣∣∣ < ε

for any D ∈ A, since the above value can not exceed

∞∑
j=N+1

|aj |ν(X)j . Using the

fact that µ[≤k] is a finite measure, we have

lim
m→∞

µ[≤k](D ∩X [≤k]) = 0.

Therefore, we have

lim sup
m→∞

∣∣∣µ[≤k](D ∩X [≤k])
∣∣∣ ≤ ε.

Using the Carathéodory’s extension theorem (see for example [9]) we obtain the
claim. ⊓⊔

4 Extraction of k-dimensional Elements

Let µ be a constructive set function, and µ[∗] be its constructing measure. We
define the k-dimensional element µk (k ∈ N) of µ as

µk(A) = µ[k](A[∗]) := µ[∗](A[∗] ∩X [k]).
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In numerical analyses, only the values of set functions may be available, then we
consider some methods to extract a k-dimensional element by using the values
of the set function µ.

The following proposition may be elementary. However, we give its proof
since this describes some important aspects of our assertions.

Proposition 3. Let (X,B) be a measurable space, and we assume that B is
countably generated. Then the following (1) - (3) are equivalent.

(1) Each one point set {x} (x ∈ X) is measurable.
(2) For any pair x, y ∈ X (x ̸= y), there exists A ∈ B such that x ∈ A and

y ̸∈ A.
(3) There exists a sequence of finite partitions

{Dn}n∈N =
{
{D(n)

j }N(n)
j=1

}
n∈N

such that
(3-1) Dn+1 is a refinement of Dn for any n ∈ N.

(3-2) B = σ

(⋃
n∈N

Dn

)
.

(3-3) For each pair x, y ∈ X with x ̸= y, there exist n0 ∈ N such that, for
any n ≥ n0, there exist j, k ≤ N(n) (j ̸= k) satisfying x ∈ Dj, and
y ∈ Dk.

Proof. (1) ⇒ (2) Set A = {x} ∈ B, then x ∈ A and y ̸∈ A.
(3) ⇒ (1) Fix x ∈ X. For each n ∈ N there exists j(n) ≤ N(n) such that

x ∈ D
(n)
j(n). Then, using the assumption (3.3), for each y ̸= x, y ̸∈ D

(n)
j(n) for large

enough n ∈ N. This implies that

{x} =
⋂
n∈N

D
(n)
j(n),

And the right-hand side set is measurable.
(2) ⇒ (3) Using the assumption that B is countably generated, there exist

a countable set family {An}n∈N satisfying B = σ
(
{An}n∈N

)
. Define A

(0)
n = A

and A
(1)
n = Ac, and set a partition ∆n as follows.

∆n =


n⋂

j=1

Aij : (ij)
n
j=1 ∈ {0, 1}n


Several elements in ∆n may be empty according to the above definition. We may
assume that there are no empty sets in ∆n by removing empty sets. In any case,
{∆n}n∈N satisfies (3-1) and (3-2).

Assume that (3-3) is not true, that is, there exists a pair {x, y} (x ̸= y)
satisfying that there exists A ∈ ∆n with {x, y} ⊂ A for any n ∈ N. Then, we
consider a set X̃ = X \{x, y}∪{α}, where α = {x, y} is defined as a single point.
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We replace an element A ∈ ∆n (n ∈ N) with Ã = A \ {x, y} ∪ {α} if {x, y} ⊂ A.

By the assumption, we have {x, y} ⊂ A or {x, y} ∩A = ∅. Therefore,
{
∆̃n

}
n∈N

is a sequence of partition of X̃ satisfying (3.1). Let B̃ = σ

({
∆̃n

}
n∈N

)
and set

B′ =
{
Ã : Ã ∈ B̃, Ã = Ã \ α ∪ {x, y} if α ∈ Ã, otherwise Ã = Ã.

}
Then, B′ is a σ-algebra including {∆n}n∈N. This implies B ⊂ B′ and that
{x, y} ⊂ A or {x, y} ∩ A = ∅ for any A ∈ B. This contradicts the condition
of (2). ⊓⊔

We have the following extraction theorem using the above proposition.

Theorem 2. Let (X,B) be a countably generated measurable space, µ be a con-
structive set function on (X,B), µ[≤∗] be the corresponding constructing measure,

and

{
∆n =

{
D

(n)
j j

}N(n)

j=1

}
n∈N

be a sequence of partitions given in Proposition

3. Assume that {x} ∈ B for any x ∈ X. Then we have

µ[1](A[∗]) = µ[∗](A[≤∗] ∩X [1]) = lim
n→∞

N(n)∑
j=1

µ(D
(n)
j ∩A)

Proof. Set

En =

n⋃
j=1

(A ∩D
(n)
j )

[∗]
.

Let us consider a sequence of functions {fn}∞n=1 on X [∗] defined by

fn(U) = 1En
(U).

Let U = {xℓ}Lℓ=1 ∈
(
A ∩D

(n)
j

)[∗]
with |U | > 1. There exist N ∈ N satisfying

n ≥ N ⇒ {x1, x2} ̸⊂ D
(n)
j , j ≤ N(n).

This implies U ̸∈ En for any n ≥ N . Clearly {x} ∈
⋃

j≤N(n)

(
A ∩D

(n)
j

)[∗]
for any

n ∈ N if x ∈ A. Thus, we have

lim
n→∞

1En
(U) = 1A∩X[1](U),

for any U ∈ X [∗]. On the other hand,

∫
1En(U)µ[∗](dU) =

N(n)∑
j=1

µ[∗](A ∩D
(n)
j ) =

N(n)∑
j=1

µ(A ∩D
(n)
j ),
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and ∫
1A∩X[≤1](U)µ[≤∗](dU) = µ[1](A[1]).

All functions are bounded since these are the finite sum of characteristic functions
concerning the partition. The bounded convergence theorem, therefore, implies

lim
n→∞

N(n)∑
j=1

µ(A ∩D
(n)
j ) = µ[1](A[1]),

And this concludes the proof. ⊓⊔

Example 1. Set X = [0, 1) and let λ be the Lebesgue measure on X. We consider
the Borel σ-algebra B on X. Define µ(A) = λ(A)2 + λ(A) then µ is a distorted
measure, and this is constructive (constructively 2-additive).

Consider the following sequence of partitions.

{∆n} =

{{[
j − 1

2n
,
j

2n

)}2n

j=1

}
.

This satisfies the conditions (3-1) - (3-3) in Proposition 3.
Let A be an arbitrary measurable set in (X,B).

2n∑
j=1

µ

([
j − 1

2n
,
j

2n

]
∩A

)

=

2n∑
j=1

(
λ

([
j − 1

2n
,
j

2n

]
∩A

)
+ λ

([
j − 1

2n
,
j

2n

]
∩A

)2
)

= λ(A) +

2n∑
j=1

λ

([
j − 1

2n
,
j

2n

]
∩A

)2

.

0 ≤
2n∑
j=1

λ

([
j − 1

2n
,
j

2n

]
∩A

)2

≤
2n∑
j=1

λ

([
j − 1

2n
,
j

2n

])2

=

2n∑
j=1

1

(2n)2
=

1

2n
→ 0, as n → ∞.

Then, we have

lim
n→∞

2n∑
j=1

µ

([
j − 1

2n
,
j

2n

]
∩A

)
= λ(A)

This example describes one important aspect of Theorem 2.
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We can also prove the higher dimensional extractions as follows.

Theorem 3. Assume the same conditions and set the same notations with The-
orem 2. Remark that a finite partition D belongs to D, and D′ ⊂ D implies D′ is
included in D as a finite set family. We define, for D = {Dj}Nj=1 ∈ D and A ∈ B

A ∩ D = {A ∩Dj}Nj=1 .

Then we have, for any k ∈ N,

µ[k](A[∗]) = µ[∗](A[≤∗] ∩X [k]) = lim
n→∞

∑
D⊂Dn,|D|=k

τ(A ∩ D).

Proof. We will give a similar proof with Theorem 2. The critical point is to
construct an adequate approximating sequence for 1A[∗]∩X[k] . We define

fn(U) =
∑

D⊂Dn,|D|=k

1Γ (A∩D)(U).

First, we prove the pointwise convergence of the above sequence.
Assume that D ∈ D satisfiles |D| = k, then |A∩D| = k, (A∩D = {A ∩D1, . . . , A ∩Dk})

if A ∩D ̸= ∅. Then |U | < k implies U ̸∈ Γ (A ∩D) because U ∩ (A ∩Dj) ̸= ∅ for
any j ≤ k if U ∈ Γ (A ∩ D). Therefore, fn(U) = 0 for any n ∈ N.

Let us consider the case |U | > k (U = {u1, . . . , uk′}, k′ > k). Fix a pair (i, j)
(1 ≤ i < j ≤ k′), there exists Ni,j ∈ N satisfying

n ≥ Ni,j , D ∈ Dn ⇒ {ui, uj} ̸⊂ D.

This implies that, if n ≥ max
1≤i<j≤k′

Ni,j ,

U ∈ D ⊂ Dn ⇒ |D| ≥ k′ > k.

and
D ⊂ Dn, |D| > k ⇒ U ̸∈ Γ (A ∩ D).

Assume that |U | = k (U = {u1, . . . , uk}) and U ∩Ac ̸= ∅ . By a similar argument
to the above, there exists N ∈ N such that.

n ≥ N,D ∈ Dn ⇒ |D| ≥ k.

Then, if |D| = k (D = {D1, . . . , Dk} and D ⊂ Dn (n ≥ N), there is one-to-one
correspondence with the elements of U and the subsets in D. Therefore, sort the
elements of U if necessary, we have

uj ∈ Dj , for each j = 1, . . . , k.

By the assumption U∩Ac ̸= ∅, uj ̸∈ A∩Dj for some j ≤ k. Hence, U ̸∈ Γ (A∩D),
that is, fn(U) = 0 for any n ≥ N .
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Remark that {Γ (D) : D ⊂ Dn, |D| = k} is a partition of X [k]. Then, for each
n ∈ N and any U ∈ A[∗] ∩X [k], there exist D ⊂ Dn satisfying

U ∈ Γ (A ∩ D).

That is

fn(U) = 1, for any n ∈ N.

Summing up the above arguments, we have

1A[∗]∩X[k](U) = lim
n→∞

fn(U).

Using Proposition 1, we have∫
X[∗]

fn(U)µ[∗](dU) =
∑

D⊂Dn, |D|=k

µ (Γ (D)) . =
∑

D⊂Dn, |D|=k

τ(D).

and ∫
X[∗]

1A[∗]∩X[k]dµ[∗] = µ[k](A[k]).

Then the bounded convergence theorem concludes the proof. ⊓⊔

5 Conclusion

We defined a constructive set function as an extension of a constructively k-
additive set function. A distorted measure is constructive if the distortion func-
tion is analytic and satisfies some additional conditions. We introduced the con-
cept of an extraction space, which is the family of all finite subsets of the original
space. A signed measure on the extraction space represents a constructive set
function. A k-dimensional element of a set function on the extraction space was
defined, and we gave some methods to calculate the values of k-dimensinal ele-
ment using generalized Möbius transform. Restriction to k-additive set functions
is a valuable method to reduce complexity in numerical analysis. Our theorems
will give some checking methods to evaluate the influence of higher dimensional
sets.

Some equivalent conditions to be constructive for a distortion measure, to
consider the α-dimensional element for a set function for non-integer α, these
are future problems.
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