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Abstract. Pan and concave integrals are division-type nonlinear inte-
grals defined on a monotone measure space. These satisfy the monotone
increasing convergence theorem under reasonable conditions. However,
the monotone decreasing convergence theorem for these integrals was
proved only under limited conditions. In this study we consider the k-
additive monotone measure on a non-discrete measurable space, and ar-
gue this property of Pan and concave integrals on a k-additive monotone
measure space.
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1 Introduction

In the past several decades, various studies have been conducted on monotone
measures (fuzzy measures or capacities) and corresponding nonlinear integrals
for both practical and theoretical purpose. In several fields, such as game theory
([1]), economics ([2]), and decision theory ([3]), these concepts are used as strong
tools to analyze the targets. In most of these analysis, monotone measures are
defined on a finite set and the number of degrees of freedom for a monotone
measure represents its exponential growth with respect to the cardinal number
of data. Some theoretical studies were motivated by the problem of these combi-
natorial explosions. In this study, we selected the two perspectives for examining
this problem, i.e., “k-additivity” and the “convergence theorem.” The former is
a concept for the reduction of parameters to determine a monotone measure and
the latter is used for the approximation of the integral values of a measurable
function with respect to a monotone measure.

k-additivity was defined using the Möbius inversion formula for a non-additive
set function defined on a finite set ([4, 5]). It is utilized to express the set function
using the correlation values among subset elements of the space. k-additivity is
one typical reduction method for the number of these correlations. Consider a
monotone measure on a set with cardinality n; thus, there are 2n−1 parameters
to determine the set function. However, for a two-additive measure (k = 2), we

only need
n(n+ 1)

2
parameters to determine the monotone measure. The defini-

tion of k-additivity for general measurable space was introduced by R. Mesiar [6].
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For our arguments and calculations, we reconstruct the concept of k-additivity
in the next section, which is essentially same with the Mesiar’s definition.

In this paper, (X,B) denotes a general measurable space. A set function
µ : B → R̄ is a monotone measure if µ(∅) = 0 and A ⊂ B ⇒ µ(A) ≤ µ(B).
Thus (X,B, µ) is called a monotone measure space. Several integrals are defined
on this space. In this study, we focus on the Pan integral [7] and the concave
integral [8]. These integrals, defined using the basic sum of simple functions,
are called “division-type integrals.” For a simple function

∑n
j=1 aj1Aj

, the basic

sum is defined by
∑n

j=1 ajµ(Aj). Several complex situations can be derived from
the non-additivity of µ. For example, two basic sums are not the same even if
their corresponding simple functions are the same. In this study, we consider
some convergence theorems for these integrals when the corresponding monotone
measure satisfies “k-additivity.”

Let (X,B, µ) be a monotone measure space, and f be a measurable function
on X. We consider a function ρ(r) = µ(f ≥ r). This function is used to define
the Choquet, Sugeno, and Shilkret integrals (for example, the Choquet integral∫ ch

fdµ =
∫∞
0

ρ(r)dr). Monotone increasing/decreasing convergence theorems
are valid for them under some reasonable conditions. Details regarding these
integrals and further theoretical investigations were given by J. Kawabe [10].
These integrals were also dealt in [11] (by Klement et al.), they call the function
ρ a survival function.

Our target integrals, Pan and concave, satisfy the monotone increasing con-
vergence theorem under certain conditions ([12]). The monotone decreasing con-
vergence theorem is very sensitive toward these integrals, this property was
proved in some limited conditions ([12]). There are two conditions for the mono-
tone decreasing convergence theorem for the Pan integral. The first condition is
the sub-additivity. When a monotone measure µ is sub-additive, its Pan integral
is a linear function with non-negative coefficients ([13]). Using this property,
the monotone decreasing convergence theorem for the Pan integral was demon-
strated under the condition of continuity of µ from below ([12]). When µ is
sub-additive, its Pan integral is identical to its concave integral. Thus the mono-
tone decreasing theorem is also valid for the concave integral under the same
conditions. The second condition entails that “the function sequence converges
to 0.” In this case, the monotone decreasing convergence theorem is valid if µ
is continuous at ∅” ([12]). In this study, we prove the monotone decreasing con-
vergence theorem for the Pan integral under the condition that “the function
sequence is uniformly bounded and µ is k-additive.” The idea for this proof is not
valid for the concave integral; however, if “the function sequence converges to
0,” the monotone decreasing convergence theorem becomes valid for the concave
integral, under the above conditions (uniformly bounded, and k-additive).
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2 Constructive k-additive measure

k-additivity was originally defined for a set-function on a finite set ([4, 5] ) and
extended for general measure space by R. Mesiar ([6]). In this section we define
a k-additive measure constructively, which concept is almost same with Mesiar’s
definition.

First, we give an example of a three-points set.

Example 1. Let X = {a, b, c} and µ be a set function with

µ(∅) = 0, µ({a}) = µa, µ({b}) = µb, µ({c}) = µc,

µ({a, b}) = µab, µ({b, c}) = µbc, µ({a, c}) = µac, µ({a, b, c}) = µabc.

We identify ab with {a, b}, abc with {a, b, c}, and so on. Then, its Möbius trans-
form {νB}B⊂X is given by

ν∅ = 0, νa = µa, νb = µb, νc = µc,

νab = µab − µa − µb, νbc = µbc − µb − µc, νca = µac − µc − µa,

νabc = µabc − µab − µbc − µac + µa + µb + µc.

For any A ⊂ X, we have

µ(A) =
∑
B⊂A

νB .

Let us consider the set spaces

X(1) = {a, b, c}, X(2) = {ab, bc, ac}, X(3) = {abc},

and define

µ1 = νaδa + νbδb + νcδc, µ2 = νabδab + νbcδbc + νacδac, µ3 = νabcδabc,

where δp is the Dirac measure with respect to the point p. Then µ1, µ2, and µ3

are signed measures satisfying

µ(A) =

3∑
j=1

µj({B ∈ X(j) : B ⊂ A}).

The set function µ is expressed using three measures.

In general, a set function µ of a finite set X with µ(∅) = 0 can be expressed by
the Möbius transform {νB}B⊂X as follows.

µ(A) =
∑
B⊂A

νB .

When µ is a k-additive measure (k ≤ |X|), that is, νB = 0 if |B| > k, µ can be
expressed using k signed measures on finite set spaces using the same method
with the above example.
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In this paper, (X,B) denotes a general measurable space, that is, X is a non-
discrete set and B is a σ-algebra of X. For the precise definitions of σ-algebra,
measurable function, Lebesgue integral, and other terms used in the measure
theory, can be found in [14]. To define k-additivity on a non-discrete monotone
measure space, we define the “finite set space” of a general measurable space.

Definition 1. Let (X,B) be a measurable space and j ∈ N. The j-set space X(j)

of X is defined by

X(j) = {(xi)
j
i=1 : i ̸= i′ ⇒ xi ̸= xi′}.

We identify (xi)
j
i=1 with (x′

i)
j
i=1 if (xi)

j
i=1 is a permutation of (x′

i)
j
i=1, and the

equivalence relation is denoted by ∼. For example, when X = {a, b, c}, X(2) =
{{(a, b), (b, a)}, {(b, c), (c, b)}, {(c, a), (a, c)}}. Compare with the corresponding
set space given in Example 1.

On X(j), we consider the natural σ-algebra B(j) determined by the direct
product and the equivalence relation ∼.

For A ∈ B, we define

A(j) = {(xi)
j
i=1 ∈ X(j), xi ∈ A (∀i ≤ j) }.

Then A(j) ∈ B(j). We constructively define the non-discrete k-additivity as fol-
lows.

Definition 2. Let (X,B) be a measurable space, k ∈ N and µ is a monotone
measure on X. µ is a constructive k-additive measure (in short, k-additive mea-
sure) if there exists a finite signed measure µj on each X(j), 1 ≤ j ≤ k, such
that

µ(A) =

k∑
j=1

µj(A
(j)).

Remark 1. A finite signed measure ν can be expressed by two non-negative finite
measures ν+ and ν− as follows:

ν = ν+ − ν−, ∃S ∈ B, ν+(A) = ν(A ∩ S), ν−(A) = −ν(A ∩ Sc), ∀A ∈ B.

(We define |ν| = ν++ν−. ) This expression is called “Hahn decomposition” [15],
and these notations are used in the sequel.

3 Set Operations

In this section, we establish some properties of set operations. First, we add a
notation of a set operation on a set space.

Definition 3. For j > 1, A ∈ B, and B ∈ B(j−1), we define

A(×)B = {(ai)ji=0 : ai0 ∈ A, (ai)i̸=i0 ∈ B, ∃i0 ≤ j}.
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Next, we show the following set inclusions.

Proposition 1. Fix j ∈ N, let {Aℓ}Lℓ=1 (L ∈ N) be a disjoint subfamily of B,
and B ∈ B be a measurable set. Then, the following inclusions hold.

(a)
L⋃

ℓ=1

{
A

(j)
ℓ \ (Aℓ ∩B)(j)

}
⊂ (B(j))c.

(b) (
L⋃

ℓ=1

Aℓ

)(j)

\

(
L⋃

ℓ=1

(Aℓ \B)

)(j)

⊂

(
L⋃

ℓ=1

(Aℓ ∩Bc)

)
(×)X(j−1).

Proof. (a) Consider an element

(ai)
j
i=1 ∈

L⋃
ℓ=1

{
A

(j)
ℓ \ (Aℓ ∩B)(j)

}
.

Then,

(ai)
j
i=1 ∈ A

(j)
ℓ0

\ (Aℓ0 ∩B)(j)

for some ℓ0 ≤ L. We have ai ∈ Aℓ0 for any i ≤ j because (ai)
j
i=1 ∈ A

(j)
ℓ0

. Since

(ai)
j
i=1 ̸∈ (Aℓ0 ∩B)(j),

we have
(ai)

j
i=1 ∈ (B(j))c.

(b) Consider an element

(ai)
j
i=1 ∈

(
L⋃

ℓ=1

Aℓ

)(j)

\

(
L⋃

ℓ=1

(Aℓ ∩B)

)(j)

.

Then, ai ∈ Aℓi (ℓi ≤ L) for any i ≤ j because (ai)
j
i=1 ∈

(⋃L
ℓ=1 Aℓ

)(j)
. Since

(ai)
j
i=1 ̸∈

(⋃L
ℓ=1(Aℓ \B)

)(j)
, there exists i0 ≤ j such that ai0 ̸∈ Aℓ ∩B for any

ℓ ≤ L. This implies that ai0 ∈
⋃L

ℓ=1 Aℓ \B and

(ai)
j
i=1 ∈ (

L⋃
ℓ=1

Aℓ \B)(×)X(j). ⊓⊔

Proposition 2. Let A1, A2, . . . , An ∈ B be measurable sets. Set C =
⋃n

i=1 Ai,
then there exists a partition {B1, . . . , BL} ⊂ B of C satisfying

Ai =
⋃

ℓ:Bℓ⊂Ai

Bℓ.
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Additionally, for any set of coefficients {ai}ni=1,

n∑
i=1

ai1Ai
=

L∑
ℓ=1

( ∑
i:Bℓ⊂Ai

ai

)
1Bℓ

.

Proof. For a measurable set A ∈ B, define

A[s] =

{
A, s = 1,

Ac, s = 0.
.

For (s1, s2, . . . , sn) ∈ {0, 1}n, set

D(s1, s2, · · · , sn) =
n⋂

i=1

A
[si]
i .

Then, {D(s1, · · · , sn)}(s1,··· ,sn)∈{0,1}n is a finite disjoint family of sets. Set
{Bℓ}Lℓ=1 = {D(s1, · · · , sn)}(s1,··· ,sn)∈{0,1}n . Then, {Bℓ}Lℓ=1 satisfies the proposi-
tion. ⊓⊔

4 Monotone Decreasing Convergence Theorems

In this section, we state the monotone decreasing convergence theorems, for Pan
and concave integrals on a k-additive monotone measure space. First, we define
these integrals.

Definition 4. We define two families Sp and Sc as follows.

Sp = {(ai, Ai)
n
i=1, ai ∈ [0,∞), Ai ∈ B, n ∈ N, {Ai}ni=1 is a partition of X},

Sc = {(ai, Ai)
n
i=1, ai ∈ [0,∞), Ai ∈ B, n ∈ N, {Ai}ni=1 is a covering of X}.

We regard the families Sp and Sc as the corresponding families of simple func-
tions using the identification between (ai, Ai)

n
i=1 and

∑n
i=1 ai1Ai

(x). For a mono-
tone measure µ and φ = (ai, Ai)

n
i=1 ∈ Sp or Sc, the basic sum µ(φ) is defined

by

µ(φ) =

n∑
i=1

aiµ(Ai).

Let φ1 = (ai, Ai)
n1
i=1, φ2 = (bi, Bi)

n2
i=1 be two elements of Sp or Sc.

n1∑
i=1

ai1Ai(x) =

n2∑
i=1

bi1Bi(x), ∀x ∈ X

does not imply that µ(φ1) = µ(φ2). Then, we describe a simple function as a
finite sequence of pairs of a coefficient and a measurable set. However, we often
consider φ = (ai, Ai)

n
i=1 as the function

φ(x) =

n∑
i=1

ai1Ai(x),



Constructive k-additive measure and Decreasing Convergence Theorems 7

when there is no confusion.

Definition 5. For a non-negative measurable function f on X, The Pan integral∫ pan
and the concave integral

∫ cav
are defined by∫ pan

fdµ = sup{µ(φ) : φ ∈ Sp, φ ≤ f},∫ cav

fdµ = sup{µ(φ) : φ ∈ Sc, φ ≤ f}.

These definitions and basic properties are described in [7–9].

Remark 2. By the above definitions, we have

f ≤ g ⇒
∫ pan

fdµ ≤
∫ pan

gdµ,

∫ cav

fdµ ≤
∫ cav

gdµ.

The following proposition can be easily obtained from the uniform convergence
theorem ([12]). The referred article was originally written in Japanese; therefore,
we have provided the direct proof.

Proposition 3. Assume that
∫ pan

1Xdµ < ∞ and µ is continuous from below
(An ↗ A ⇒ µ(An) ↗ µ(A)). Let f be a non-negative measurable function
satisfying

∫ pan
fdµ < ∞. Then,∫ pan

(f + δ)dµ ↘
∫ pan

fdµ as δ ↘ 0.

Proof. Fix δ > 0 and let φ ∈ Sp be an arbitrary simple function satisfying
φ(x) ≤ f(x) + δ.

Define φδ(x) =
∑n

i=0((ai − δ) ∨ 0) 1Ai
(x). Then, we have ϕδ ≤ f and

µ(ϕ) ≤ µ(ϕδ) +

n∑
i=1

δµ(Ai) ≤
∫ pan

fdµ+ δ

∫ pan

1Xdµ ↘
∫ pan

fdµ.

Therefore,

lim
δ↘0

∫ pan

(f + δ)dµ ≤
∫ pan

fdµ.

Using the clear reverse inequality, we have the required equality. ⊓⊔

A k-additive measure satisfies the condition of the above proposition.

Proposition 4. If µ is k-additive (k ∈ N),∫ pan

1Xdµ ≤
∫ cav

1Xdµ < ∞.
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Proof. Let φ = (ai, Ai)
n
i=1 ∈ Sa be a simple function satisfying φ(x) =

∑
ai1Ai

(x) ≤
1. By Proposition 2, there exists {B1, . . . , BL} ⊂ B satisfying

Ai =
⋃

ℓ:Bℓ⊂Ai

Bℓ, i ≤ n

and
n∑

i=1

ai1Ai =

L∑
ℓ=1

( ∑
i:Bℓ⊂Ai

ai

)
1Bℓ

.

Set Iℓ = {i : Bℓ ⊂ Ai}, then the condition φ ≤ 1 implies that∑
i∈Iℓ

ai ≤ 1

for any ℓ ≤ L. Then,

n∑
i=1

aiµAi
=

n∑
i=1

ai

k∑
j=1

µj

( ⋃
ℓ:Bℓ⊂Ai

Bℓ

)(j)


≤
n∑

i=1

ai

k∑
j=1

|µj |

( ⋃
ℓ:Bℓ⊂Ai

Bℓ

)(j)


≤
n∑

i=1

ai

k∑
j=1

|µj |

(( ⋃
ℓ:Bℓ⊂Ai

Bℓ

)
(×)X(j−1)

)

≤
k∑

j=1

L∑
ℓ=1

(∑
i∈Iℓ

ai

)
|µj |(Bℓ(×)X(j−1))

≤
k∑

j=1

L∑
ℓ=1

|µj |(Bℓ(×)X(j−1))

≤
k∑

j=1

|µj |(X(j)).

The right hand side is finite and does not depend on φ. Thus we have(∫ pan

1Xdµ ≤
)∫ cav

1Xdµ ≤
k∑

j=1

|µj |(X(j)) < ∞. ⊓⊔

Theorem 1. Let {fn} be a decreasing non-negative measurable function on X.
Assume that a monotone measure µ on (X,B) is k-additive (k ∈ N), and fn(x) ≤
M < ∞ for any n ∈ N and x ∈ X. Set f = lim

n→∞
fn, then we have∫ pan

fdµ = lim
n→∞

∫ pan

fndµ.
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Proof. For an arbitrary δ > 0 and n ∈ N, set

B(δ)
n = {x|fn(x) ≤ f(x) + δ} .

Because the monotone measure µ is k-additive, there exists a signed measure µj

on X(j) for each j ≤ k such that

µ(A) =

k∑
j=1

µj(A
(j)).

By the continuity of signed measures {µj}kj=1, B
(δ)
n ↗ X as n → ∞ implies that

µ(B
(δ)c
n ) ↘ 0 as n → ∞.
Fix an arbitrary ε > 0. Then, there exists δ > 0 satisfying:∫ pan

(f + δ)dµ ≤
∫ pan

fdµ+ ε.

For each n ∈ N, there exists φn = (an,i, An,i)
Nn
i=1 satisfying

µ(φn) ≥
∫ pan

fndµ− ε.

Set
φ̃n =

∑
an,i1An,i∩B

(δ)
n

∈ Sp,

then φ̃n ≤ f + δ. By the definition of Pan integral, we have

µ(φ̃n) ≤
∫ pan

(f + δ)dµ ≤
∫ pan

fdµ+ ε.

Using Proposition 1,

µ(φn)− µ(φ̃n) ≤
∑
i

an,i{µ(An,i)− µ(An,i ∩B(δ)
n )}

=
∑
j

∑
i

an,i{µj(A
(j)
n,i)− µj((An,i ∩B(δ)

n )(j))}

=
∑
j

{µj(A
(j)
i \ (Ai ∩B(δ)

n )(j))}

≤
∑
j

(
∑
i

ai)|µj |(A(j)
i \ (Ai ∩B(δ)

n )(j))

≤ M
∑
j

|µj |(B(δ)
n )(j)c).

The right hand side tends to 0 as n → ∞, and depends only on n. There exists
n0 ∈ N such that

µ(φn)− µ(φ̃n) < ε
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for any n ≥ n0. Therefore, we have

µ(φn) ≤ µ(φ̃n) + ε ≤
∫ pan

fdµ+ 2ε.

This implies that

lim
n→∞

∫ pan

fndµ ≤
∫ pan

fndµ ≤
∫ pan

fdµ+ 3ε ↘
∫ pan

fdµ (ε ↘ 0).

Because the reverse inequality is evident, we have the required conclusion. ⊓⊔

We cannot prove the monotone decreasing convergence theorem for concave
integral in similar way. However, in the case where fn ↘ 0, we can prove this
property.

Theorem 2. Let {fn} be a decreasing non-negative measurable function on X
satisfying fn ↘ 0 as n → ∞. Assume that a monotone measure on (X,B) is
k-additive (k ∈ N) and fn(x) ≤ M < ∞ for any n ∈ N and x ∈ X. Then,

lim
n→∞

∫ cav

fndµ = 0.

Proof. For δ > 0 and n ∈ N, set:

B(δ)
n = {x|fn(x) ≤ δ} ↗ X, as n → ∞.

Because µ is continuous from above, (An ↘ A ⇒ µ(An) ↘ µ(A)), µ
((

B
(δ)
n

)c)
↘

0 as n → ∞.
By Proposition 4 we have

∫ cav
1Xdµ < ∞. Then, we have∫ cav

δ1Xdµ = δ

∫ cav

1Xdµ ↘ 0, δ ↘ 0.

Let φn =
∑N

i=1 ai1Ai
∈ Sc be a simple function satisfying φn ≤ fn. Set

φ̃n =
∑
i

ai1Ai∩B
(δ)
n

.

Then, we have

µ(φ̃n) ≤ δ

∫ cav

1Xdµ.

In contrast,

µ(φn)− µ(φ̃n) =
∑
i

ai

(
µ(Ai)− µ(Ai ∩B(δ))

)
(1)

Using some signed measure µj on X(j) for each j ≤ k, µ can be expressed as
follows:

µ(A) =

k∑
j=1

µj(A
(j)), (A ∈ B).
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Therefore,

(1) =
∑
i

ai
∑
j

(
µj(A

(j)
i )− µj((Ai ∩B(δ)

n )(j))
)

=
∑
i

ai
∑
j

µj

(
A

(j)
i \ (Ai ∩B(δ)

n )(j)
)

≤
∑
i

ai
∑
j

|µj |
(
(A

(j)
i ) \ (Ai ∩B(δ)

n )(j)
)
. (2)

By Proposition 2, there exists a partition {Dℓ}Lℓ=1 such that∑
i

ai1Ai
=
∑
ℓ

(∑
i∈Iℓ

ai

)
1Dℓ

, Ai =
⋃
ℓ∈Ĩi

Dℓ,

where Iℓ = {i : Dℓ ⊂ Ai}, Ĩi = {ℓ : Dℓ ⊂ Ai}. Using Proposition 1, we have

A
(j)
i \ (Ai ∩B(δ)

n )(j) =

(⋃
ℓ∈Ii

Dℓ

)(j)

\

(⋃
ℓ∈Ii

(Dℓ ∩B(δ)
n )

)(j)

⊂
⋃
ℓ∈Ii

(Dℓ ∩B(δ)
n

c
)(×)X(j−1)

for any i ≤ N . Then, we have

(2) ≤
∑
i

ai
∑
j

∑
ℓ∈Ĩi

|µj |
(
(Dℓ ∩B(δ)

n

c
)(×)X(j−1)

)

=
∑
j

∑
ℓ

(∑
i∈Iℓ

ai

)
|µj |

(
(Dℓ ∩B(δ)

n

c
)(×)X(j−1)

)
≤ M

∑
j

|µj |
(
B(δ)

n

c
(×)X(j−1)

)
↘ 0.

By the above arguments, for any ε > 0, there exists δ > 0 such that

µ(φ̃n) <
ε

2

for any n ∈ N, where φ̃n depends on δ for each n ∈ N. By fixing δ > 0, we can
select n0 ∈ N that satisfies

µ(φn)− µ(φ̃n) <
ε

2
,

for any n ≥ n0. Thus, we found φn ∈ Sc that satisfies

µ(φn) = µ(φ̃n) + µ(φn)− µ(φ̃n) < ε

for any n ≥ n0. This implies that

lim
n→∞

∫ cav

fndµ = 0. ⊓⊔
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5 Conclusion

In this study, we constructively defined k-additivity for a non-discrete monotone
measure space. For this space, we demonstrated the monotone decreasing conver-
gence theorem for Pan integrals under the condition that the function sequence
is uniformly bounded. Furthermore, we demonstrated the monotone decreasing
convergence theorem for concave integrals under an additional condition that
“the function sequence converges to zero.” We believe that these properties can
play important role in some arguments of functional analyses where these non-
linear integrals are used.
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