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Abstract. Some global analysis for M&bius transforms must be useful
in providing certain analysis tools. It may provide some approximation
methods, for example, in the analysis of discrete set functions including
numerical analysis. A constructive set function was defined as a set func-
tion defined on nondiscrete space, the corresponding generalized Mobius
transform can be represented as a signed measure. We defined the cov-
ering measure for this set function, which dominates the set function
value. This set function is a non-negative subadditive set function, and
the corresponding function spaces have rich topological properties.

On the other hand, there are several approaches to generalize the M&bius
transform. We attempt to summarize several of them to provide an
axiomatic definition. Using this formulation, we defined the notion of
bounded variation for the generalized M&bius transform and provide a
covering measure using generalized Jordan decomposition of the Mdbius
transform.

Keywords: fuzzy measure - nonadditive measure - Mobius transform -
covering measure

1 Introduction

In some numerical analysis, set functions are approximated using Mobius trans-
form [1]. In such cases, the number of parameters often becomes too large. One
useful method to address this issue is to assume k-additivity for the set func-
tion [2]. Additionally, non-discrete analysis can be beneficial in resolving such
problems. Our study in this paper is motivated by this purpose.

Consider a set X on which a setfunction is defined. Several topologies are
discussed for spaces of functions defined on X (for example, [3,4] ). We assume
the monotonicity or quasi-monotonicity for x4 in such cases. Moreover, various
analyses often assume the null additivity, the weak null additivity, or certain
continuities. We consider these assumptions too strict to analyze general set
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functions. The assumptions above imply that any nullsets have no influence on
other sets. Section 2 describes these details.

We used the Mobius base function, a generalized Mobius transform defined
in [5], to describe the above situations. Denneberg ([13]) defined generalized
Mobius transforms as additive set functions defined on the specific spaces of set
functions. The constructing measure is similar to the set above functions. [6, 7).
Moreover, Mesiar defined generalized k-additivity using the k-th product space,
which is the domain of the corresponding M&bius transform ([2]). In Section 3,
we unify these concepts using an axiomatic definition, the Mobius transform as
an additive set function on a generalized space.

When p is a constructive set function, a constructively k-additive (k € N)
function is a typical example. We can define the covering measure i using the
Jordan decomposition of the constructing measure. ([8] for Jordan decompo-
sition.) The covering measure is subadditive, and the corresponding L,-spaces
(p > 1) are Banach spaces [9]. A measurable set A € o(A) is a strong u-nullset
if and only if i(A) = 0. Generally, subadditivity or the p.g.p. condition is useful
for functional analysis. The p.g.p condition is an equivalence condition to exist
an equivalent pseudo metric. Property (S) ([10]) is an essential property for the
proof of completeness of some function space. These details are described in [3].

For a monotone set function, Murofushi and Sujino [11] defined the supre-
mum increment (in 2017, before we defined the covering measure), This satisfies
properties similar to those of the covering measure.

The constructing measure is a generalized Mobius transform under the def-
inition used in this study. The constructing measure is a o-additive measure
defined on a o-algebra. The constructing measure can be constructed under
bounded variation and fine continuity at @ ([6,7]). Section 4 defines the Jordan
decomposition of our Mobius transform with the bounded variation, in this case,
we can define the covering measure using this decomposition.

2 Mobius base function and restrictions by topological
assumptions

Let (X,.A) be a pre-measurable space, that is, X is a set and A is an algebra
over X. We assume that each set function p defined on A satisfies p(0) = 0. We
call the triplet (X, A, 1) a set function space as an analogy of the word “measure
space”.

In this section, we define the Mobius base function, by which we construct
an abstract Mébius transform.

First, we define its domain.

Definition 1. Let A be an element of A. We define the space of local partitions
of A as follows.

D(A) = {{Dj}?zl CA:neN,D; C A, these are pairwise disjoint.} .
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This may be shortly denoted by D if A = X. For an element D = {Dj}?zl €
D(A), we define

Dj=n, Up=|JD |=JD;
DeD j=1

Let D = {D(l)j}?zl, Dy = {D(Q)j};.nzl be elements of D(A), then we define
their common refinement:

D, @D, = {D§” ND® :j<nk< m} € D(A).

n

We define a binary relation < between D1 = {D(l)j}
D(A) as follows.

D, = {D®;} 7 €

j=1"

D) <Dy <= Up, CUp,, Vj< n,HKj C {1,...,77’1,} s.t. Dj(l) = U Dg)
keK;

D1,Dy € D = D(X) are partitions of X if Up, = Up, = X, then Dy is a
refinement of Dy if D1 < Dy. Moreover, any D3, Dy € D(A) (A € A) satisfy

D3, Dy < D3 & Dy.

Remark that, in this case, each element of D3 or Dy is a finite union of a sub-
family of D3 @ Dy.
Here, we define a relation L between two elements D1, Dy € D(A) as follows.
DlL]D)Q < ]1])1:@ 07"]@2:@
or 3D, € Dy s.t. D1 N Dy = @,VDQ € Dy
or 3Dy € Dy s.t. D1 N Dy = @,VD]_ € Dy.
Fix a partition of A and assume that these are atoms, then we can regard the
partition as a finite set. When we consider another partition, we have to define a
mixed partition to treat them in the same space. The above definition is available

for such a situation.
For D € D, we define a subfamily [D] C A as follows.

[Dj={4A : AND#0,YD €D, and A C Up}.

If Dl, Dy € D satisfies D; L ]D)Q, then []D)1] n [ID)Q} = 0.
Next, we define the Mébius base function.

Definition 2. [5, 9] Let u be a set function defined on A. We define a function
7 on D as follows.
(D) = D (=P p(Up)
D/ CD

7 can be defined inductively as follows ([9]).
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(a) 7({D})=pu(D), VDeA
(b)  7(D)=pu(Up) = Y 7(D), |D|>2.

D'CD

We call the function 7 Mébius base function concerning (X, A, ). The above
formula implies the following inversion formula.

) = 3 7(D).

D’'CD

When we consider that all elements of D are atoms, Up is a n points set (n = |D|)
and the above formula is the inversion formula for the classical Mobius transform.
The following lemma is a key property in this study.

Lemma 1. (/5] Proposition 4.)
Let 1 be a set function on (X, A), T be the corresponding Mébius base function,
and D €D, D1,Dy € A (UpNDy,Dy=0,D1 N Dy =0). Then,

TMDU{D1UDs})=7(DU{D1})+7(DU{D2}) + 7(DU{Dy, D3}).

Next, we give some definitions. These may be different from ordinary ones, since
we do not assume the monotonicity or quasi-monotonicity for a set function.

Definition 3. Let (X, A, 1) be a set function space and A be an element of A.
We define that:

(a) A s p-nullset iff p(A) =0.
(b) A is p-c-nullset (1 complete nullset) iff p(B) =0 for any B(€ A) C A.
(¢) A is p-s-nullset (u strong nullset) iff u(BU A) = u(B) for any B € A.

(The name of a set function p can be omitted if there is no confusion. ) Using
these concepts, we define:

(d)  p is monotone iff A C B (A, B € A) implies u(A) < u(B).

(e)  w is (strongly) nulladditive iff every c-nullset is a strong nullset.

()  w is weakly nulladditive iff, for any pair A, B of c-nullsets, AU B is a
c-nullset.

Remark 1. Under the assumption of monotonicity, all nullsets are c-nullsets and
(e) and (f) can be defined by:

(e)’  pis (strongly) nulladditive iff u(A) = 0 implies that u(B U A) = u(B) for
any B € A.

(fy  p is weakly nulladditive iff u(A) = u(B) = 0 (4, B € A) implies u(A U
B) =0.

For specific analysis targets in cooperative game theory, people may expect
something that is born from a cooperative relationship. However, the following
properties suggest that, given the assumption of monotonicity or weak or strong
null additivity, such utilities cannot be anticipated among c-nullsets.
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Lemma 2. Let p be a set function on an algebra A. Then:

(a)  Ais a c-nullset iff 7(D) = 0 for any D € D(A).
(b)  wis nulladditive iff
7(D) =0 if one of D € D is a c-nullset.
(c) w is weakly nulladditive iff
7(D) = 0 if any element D € D is a c-nullset for any D € D .

Proof. (a) clear.
(b)= Assume that D € D is a c-nullset and 7(D) # 0.

m = min D]
DeD’ (') #0.D'CD

Then m < |D| < oo. Then, without loss of generality, we may assume that
|D| = m. Under this condition, D’ C D, D € D' implies 7(D’) = 0 by the
definition of m. Hence, we have:

u(Up) = Y (DY)

D’'CD
=@+ > @)+ > D)
D' CD,DeD’ D’CD\{D}
=7(D) + u(Up\{D})
=7(D) + u(Up \ D)

This implies that p is not nulladditive.

(<) Assume that any c-nullset D and D € D with D € D always satisfy
7(D) = 0.

Let D be a c-nullset and A € A be any element. Then, we may assume that
DN A =0, replacing D by D \ A if necessary, to prove u(A4) = u(AU D). By
the above assumption, we haver({D, A}) = 7({D}) = 0. Thus, we have

pDUA) =7({D}) +7({D, A}) + 7({A}) = 7({A}) = (A).

(¢) (=) Let D € D be a local partition satisfying that every D € D is a
c-nullset. Then, we have inductively that.

u(Up) =0, VD' CD.

Thus, we have

(D) = Y (=)= lu(up) = 0.

D’'CD

(<) Let Dy and Dy be c-nullsets, then Dy and Dy \ D; are disjoint. By the
assumption 7({D1}) = 7({D2}) = 7({D1, D2}) = 0. Thus

p(D1U Dy) = 7({D1}) + 7({D2}) + 7({ D1, D2}) = 0.
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3 Axiomatic definition of Mobius transform

We try to construct a generalized structure for the Mobius transform in this
study. There are several non-discrete Mobius transforms, [12,7,2,5] and these
Mobius transforms are functions on different domains. (Some of them were given
along with k-additivity.) The following axiomatic definition may describe some
common properties of the domains of Mobius transform.

Definition 4. Let (X, A, ) be a set function space, and T be the corresponding
Mébius base function on D. We consider a pair (X*,I"), where X* is a set, and
I is a mapping from D to 2X. Then, we define that (X*,I") is a Mébius field
with respect to (X, A, p) iff it satisfies following (M-1)-(M-4).
(M-1) Ir@0)=0, I'({xX}Hh=x"
(M-2)  Assume that D € D, D1, Dy € A satisfy
(Up) N Dy = (Up)N Dy =0, Dy N Dy =0, then

I(DU{D; UDy}) = (DU{D;}) UT(DU{D:})UT(DU{Dy, Do}

(M-g) D1,Dy €D, Dy LDy = F(Dl)ﬂF(Dg):(D
(M-4) TI'D)=0 = 7(D)=0, for anyD € D.

Remark that, on the right-hand side of (M-2), the three sets I'(D U {D;}),
I'DU{Dsy}) and I'(DU{D;, D5 }) are pairwise disjoint by the assumption (M-3).

The following example is the case that the set function is two-additive, that
is, all the elements of the Md&bius transform elements corresponding to the set
with more than two elements are zero. In this case, the structure of the Mobius
field is simple.

Ezample 1. Set X = {p : p € N,p < N}, (N € N), A = 2% and p(4) =
|A|2, (A € A). Then (X, A, p) is a set function measurable space and p is a

two-additive set function on A ([5]). Set X* = {A C X | |A] < 2}. We define
the mapping I" as follows.

r({p}) = {z}{z,y} : v,y € D}
I({D1,D2}) = {{z,y} : v € D1,y € D>}
(D) =0 if D] > 2
Then (M-1) is clear. To prove (M-2), we have only to consider the case that
D = since I'(D) = 0 if |D| > 2.

When {z} € I'{D1 U Ds}), x € Dy or x € Do, that is, {z} € I'({D1})
or {x} € I'{D2}). When {z,y} € I'{D1 U Ds}), x,y € Dy or z,y € Dy or
(x € Dy and y € D) or (x € Dy and y € Dy), that is, {z,y} € I'({D1}) or
{z,y} € I’'({D2}) or {z,y} € I'({D1, D2}). Thus, we have

I'({D1U Ds}) = I'({D1}) U I'({D2}) U I'({ D1, D2 }).
Next, we prove (M-3). Set Dy = {D},Dy = {D1, D2}. Then Dy L Dy iff
DﬁDl ZQ), OI‘DQDQZQ.
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Remark that all elements in I'(D3) are two-point sets. Let {x,y} be an arbitrary
element of I'(D3). Then, we have ¢ D or y ¢ D under our assumption of D; L
Dy. Thus I'(D;) N I'(D2) = 0. In the case where Dy = {D1, D2}, Dy = {D3, D4},
D; L Dy implies that

(D1QD3:D1HD4:®) or (DQQD3:D20D4:®) or

(DlﬂD;g:DQﬁDg:[Z)) or (D10D4:D2ﬂD4:@)

Let us consider the first case (D1 N D3 = D1 N Dy = 0). Assume that {z,y} €
I'(Dy) and ¢ € Dy. We have ¢ & D3, « € Dy, then {z,y} ¢ I'(Dy). Tterate
similar arguments three more times, we have I'(Dy) N I'(Dy) = 0.

Then, (X*,I") is a Mobius field with respect to (X, A, ).

In general, if a set function p satisfies formulaic k-additivity ([5]), we can simi-
larly define a Mébius field with X* = {A : |A] < k} (]9, 7]).

Ezample 2. Let (X, A) be a pre-measurable space. Assume that X is an infinite
set, A is an algebra over X, and p is a set function on A. Set X* = {A C X :

|A] < oo}, and for a local partition D = {D };‘;17

I(D)={AeX*:AC Uy, AND; £0, ¥j <n}

Then (X*, I') satisfies (M-1)~ (M-4), which proof is similar to that of Example
1.

Ezample 3. Let (X, A) be a same pre-measurable space with Example 2. (X is
an infinite set, A is an algebra over X.) The following spaces were defined in
[12].

H,(A)={n:A—{0,1} | monotone n(0) =0,n(X) =1, supermodular.}
H,(A) = {nK:A—>{o,1} ‘ K € A nic(A) = {1 if AD K, }

0 otherwise.

I'(D), (D € D(A)) is defined inductively as follows. This structure was essentially
given in [12].

(a) T({D}) = D = {n:n(D) =1} (if {D}| = 1),

) @ =0\ | J r@) | ol > ).

D/CD
Then (Hy, ') and (H,,I') satisfy (M-1) through (M-4). The proof of this was
also essentially provided in [12], and we can similarly demonstrate this using
similar methods as in Example 1.

We prepare a notation to describe a property in the next proposition. Let Dy, D €
D, and assume that D < Dy. Recall that, in this case, D € D implies, for any
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n
D € D, there exist {Ej}?zl C Dy st. D= U E;. Then, we define the relation
j=1
Cp as follows.

D' Cp, D < D' C Dy, Uy CUp and, VD € D,3D' € D' s.t. D' C D.

Consider the case where | X| < oo and Dy = {{z;}}J,. Set A = {z;}2,. Then,
each element D’ € )V C Dy is a one-point set, and A’ = Uy C A. We have

D' Cp, D < A’ € I'(D).

In general, D € D is a partition if Up = X. Fix this partition and regard each
element D € D as a single point. We can then define the Mobius transform for
the restricted set function. (We define p(Dy, Dg, -+ ,Dy) = (D1 U ---U Dy).)
Now, consider another partition D', which is a refinement of ID. We can define
another Mobius transform for this refined partition. The following proposition
shows that these Mobius transforms are compatible.

Proposition 1. Let (X*,I') be a Mobius field with respect to (X, A, ), T be the
Mobius base function, and D, Dy € D(X) be local partitions satisfying D < Dy.
Then we have:

(@) D)= Y (D),

D' Cp, D
w) rm= |J ro,

D' Cp, D
where the union in (b) is a disjoint union.
Proof. We simultaneously prove (a) and (b) by induction over |Dg|. Set Dg =
{Do} € D (|Dg| =1). Then if D' Cp, D, it implies D = D' = {Dy}. Therefore,
assertions (a) and (b) are evident.

Assume (a) and (b) when |Dy| = m and consider the case of [Dg| = m + 1.
IEDCDy(DeD = DeDy), D Cp, Dif and only if D/ = D. Then, our
assertions are clear. If D ¢ Dy and D <« Dy, there exist D € D and Dy, Dy € Dy
s.t. Do = D1 U D2 C D. Set

Di =D \ {D1, D2} U{Do}.

By the assumption of the induction, we have

(D) = Z T(D/)’

D’Cm}ﬂ)

roy= J rm.

D/CD{]D

For a local partition D" Cp, D satisfying Dy € D', set D” = D"\ {Dg}. Then,
using the Lemmal,

7(D") =7(D" U{D1}) + 7(D" U {D32}) + 7(D" U {D1, D2}).
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Using (M-2),
r)=rMu{D})ulr(D" U{Dy})Uul(D"U{D,Ds}).
On the other hand, we have

(D : D' Cp, D} = {D/ : ' Cppy D} \ {D: D/ Cpp, D, Dy € D'}
U{ D'\{Do} U{D1}, D'\ {Do} U{D2},
D’ \ {D()} @] {Dl,DQ}, D’ C]D)6 D, Dy € D’ }

Thus, we have proved (a) and (b) for all Dy. Ul
For a Mobius field (X*,I"), A* = a({I'(D) : D € D}) (the smallest algebra
including {I"(D) : D € D}). It is easy to check that

a({P(D): D € D}) = a({I'({D}) : D € A}).

We call the algebra A* over X* the standard algebra over the Mobius field
(X*,T).

Theorem 1. Let (X*,I") is the Mdobius field with respect to (X, A, u) and A* be
the corresponding standard algebra. Then we can define an additive set function
T on A* satisfying

(D)) =7(D) VDeD.

Proof. By using the condition (M-2), A* is a set of all finite disjoint unions of
the sets I'(D), (D € D). Then, the assertion of the theorem can be followed by
Proposition 1. O

4 Mobius transform with Bounded variation

We start by introducing the concept of "bounded variation.” for a (finitely) ad-
ditive set function. It’s crucial to note that the values of the set function may
not always be non-negative.

Definition 5. Let (Y, B,v) be a set function space. Assume the (finite) additiv-
ity on v. Then, we say v is of bounded variation iff

Wli= sip 3 (D) < co.

DED(Y) Hep

We call the non-negative value ||v|| the total variation of v. Moreover, we also
define the positive and negative parts.

vT(A) = sup Z v(D) V0,
DED(A) froh

v (A)= su —v(D 0.
(A) DEDI(DA)D%»( (D)) VvV
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Remark 2. It is evident that v* are non-negative and monotonic set functions,
with v*(Y) < |v| < oo if v has bounded variation.

The following proposition is a Jordan decomposition for an additive set func-
tion with bounded variation.

Proposition 2. Consider a set function space (Y,B,v). Assuming v is addi-
tive and of bounded variation, then there exist set functions v™ satisfying the
following properties:

(a) v* are additive, non-negative, and of bounded variation.
(b) v(A)=vt(A) —v(A) for any A € B.

Remark. Under the assumption of the proposition, we can define a non-
negative and additive set function |v| = vt + v,
Proof. First, we define v* on D(Y) as follows.

vHD) = > v(D)v0, v (D)= (~v(D)) VO

DeD DeDb
Then, we have (double sign in the same order):
D<D = viD)<vED).

(a) Let A, B € B be disjoint sets (AN B = (). Fix an arbitrary € > 0, then
there exist D4 € D(A) and D € D(B) s.t.

VHA) — e <1 (D) < rH(A),
vT(B) —e <vt(Dp) < v (B).
We have Dy UDg € D(AU B) since AN B = (. Moreover,
vT(DaUDg) =vH(D4) + v (Dp)

implies
vT(A) +vT(B) -2 <vT(AUB),

and, since we can select ¢ > 0 arbitrally small,
vT(A) +vH(B) <vt(AUB).
On the other hand, for any € > 0, there exist Y € D(A U B) s.t.
vT(AUB) —e <vT (D) <vT(AUB).

Set D’y ={DNA:DeD'} e D(A) and D3 ={DNB:DeD'} € D(B), then
we have
vH(D') <vH(Dy) +vF(Dy) <vh(A) +v7(B),

using the subadditivity of #*. Then, we have

vT(AUB) <vt(A)+vT(B).
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Since ¢ is arbitrally small. Thus, we have the additivity of v*. The additivity of
v~ can be proved similarly.
(b) Fix an arbitrary A € B. Then 3D;,D; € D(A) satisfying

vT(A) —e<vT (D) <vt(A), v (A)—e<v (D) <v (A),
Set D =Dy @ Dy, then Dy,Dy < D and we have
vH(A) —e <vT(Dy) <vH(D) < vt (4),
v (4) — e < v~ (Dy) < v (D) < v (A),
We may assume that Up = A, then D is a partition of A.

v(A) =Y v(D)=v"(D)-v (D).

DeD

Then,
[V(A) — (VT (A) — v~ ()| < [vT(A) —vT(D)] + [v~(A) — v~ (D) < 2e.

Therefore, we have proven the assertion.
(¢) is clear. Ul
We call the decomposition v = v™ — v~ the Jordan decomposition of v.
Summing up the above arguments, we have the following theorem.

Theorem 2. Let (X, A, ) be a set function space, (X*,I") be a Mdbius field,
A* be the corresponding algebra over X*, and 7* is the corresponding Mobius
transform. Assume that 7* is of bounded variation, then we can define the abso-
lute value |7*| = 7% + 7*7 of the Mobius transform T*.

Moreover, we can define a covering measure.

a(A) = [T |(I(A) U T'(4, A%)),

and [ is subadditive and A € A is a strong p-nullset iff i(A) = 0.

5 Conclusion

In this study, we provided an axiomatic definition of the M&bius transform. The
structure of the domain and the proof for the additivity of the Mobius transform
can be simplified. We also provided the Jordan decomposition for the Mobius
transform, and we obtained the covering measure using it. There were various
arguments concerning non-additive set functions or integrals in [12-14]. Our
setting is compatible with these studies, and several of them may be improved
using the results of this study. Moreover, different types of transforms correspond
to the Mobius transform. V. Torra defined the max & transform [15]. Although
this is a different type of transform, there are particular relationship with Mobius
transform, which is helpful for numerical analysis. Analyzing such transforms is
important and represents our future research problems.
Acknowledgements. I want to express my sincere gratitude to Prof. Narukawa

for his comments on the paper [12].
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