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Abstract. Finitely additive set functions naturally arise in mathemat-
ical models, but their extension to c-additive measures is not always
straightforward. For example, a finitely additive measure defined on ra-
tional intervals may require space completion to achieve o-additivity. A
common approach involves the use of Stone spaces, which introduce a
totally disconnected topology to ensure countable additivity. However,
such methods often rely on non-constructive principles. In this paper, we
propose a novel and intuitive framework for extending finitely additive
set functions by expanding the space, thereby clarifying the relationship
between topological and measure-theoretic extensions.
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1 Introduction

Set functions have been used in various forms to describe properties associated
with a space. For example, the expected value of a die roll is calculated as 3.5,
assuming that each face of the die appears with equal probability. In a more
general situation where the corresponding probability measure is not uniform
-such as when the die is irregularly shaped- the expected value expressed as an
integral can take various values. Furthermore, when the space is an uncountable
infinite set, this concept is abstracted and generalized as the Lebesgue integral
with respect to a o-additive measure. In cooperative game theory, allocations are
often treated as finitely additive set functions. However, when transitioning to a
non-discrete setting and conducting analysis using measure theory, o-additivity
is essential for measure theoretic analysis (see [1, 2] for example).

It is well known that o-additive measures play a crucial role in various fields,
so it need not be stated explicitly here (see, for example, [3]). When modeling an
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object of analysis mathematically, one may consider defining a finitely additive
set function based on observations and intuitive assumptions. When analyzing
functions and their properties within integration theory, it is often necessary
to extend them to be g-additive. However, in general, such an extension is not
always possible. For example, consider a set function that assigns length to
intervals in the space of all rational numbers. A finitely additive set function
can be defined on the algebra of sets constructed as finite unions of intervals.
However, without changing the total space, this set function cannot be extended
to be o-additive. The reason is that the value of the set function for a single-
point set must be 0, and since every subset is countable, if countable additivity
held, all values would have to be 0, which contradicts the notion of interval
length. In such a case, by completing the space, one can obtain the Lebesgue
measure, which is a o-additive measure. This study analyzes the structure of
such extensions.

A well-known approach to achieving such extensions in general is the method
using Stone spaces. The Stone space is a concept derived from the Stone Rep-
resentation Theorem for Boolean algebras. By defining a totally disconnected
topology on the space of ultrafilters or certain set functions, it becomes possi-
ble to extend finitely additive set functions to be o-additive. These theories are
explained in [4] and [5] . Moreover, [4] employs this method to express the Cho-
quet integral using a o-additively extended Mobius transformation. The proofs of
these results involve elegant arguments utilizing transcendent principles such as
Zorn’s lemma. (These details are discussed in [5].) Since such extensions involve
transcendent aspects, their fundamental nature can be challenging to grasp. In
this study, we aim to provide an intuitively comprehensible method for extending
finitely additive set functions to be o-additive by expanding the space. We an-
ticipate that this perspective will elucidate the relationship between extensions
of topological and measure-theoretic structures.

2 Cumulative Refinement Space

Let (X, A, 1) be a finitely additive measure space, that is, X is a set and A is
an algebra over X, and p is a nonnegative finitely additive set function defined
on A. We assume that u satisfies u(X) < oo.

We define the space of cumulative refinements as follows.

Definition 1. We define the cumulative refinement space R = R(A) as follows.
R=R(A) = {A = {A"}nEN‘An+1 C A,,Vn e N} .
For A = {An}, cny € R, we define a natural extention p of p as follows.
u(A) = lim p(Ay),
where A = {A,}, .y € R. We define additional notations as follows.

ANA={A,NA}, . yER AR, Ac A,
ANB={A,NB,},.nER ABER.
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Ezample 1. Set X =[0,1] N Q, and define

A:

[aj,bj) n N,aj,bj € X,j <n, [ai,bi) n [aj,bj) if 4 #j

j=1

and

p(la,0)) = p([a, b)) + pa(la, b)) + p3([a, b))

_[lifa< 4 <b
Ha(la,0)) = {O otherwise.
1ifa< % <b
= V2
#([a,b)) {O otherwise.
Define A, = {[aﬁﬂ) b%j))} (j =1 ~ 4) satisfying
J ’ nEN’
1 1 1 1
M A = )N\ — (C) I SR NC) N
a ) n ) an ) n
1 - 1 1 1
@ ALl el @Al e L
a ) n i an ) n
Then, we have
1 (7=2 () p() j=2
.[L(A): . ) [awj7b])7 _ .
MaI=10 gy =)0y Gy
0 (G=4 b G=49

Thus, elements of R can fall into four possible categories based on the presence
or absence of tangibility (tangible/intangible) and mass (massive/massless).

In the process of finely dividing the whole space X using the elements of the
algebra A, the measure of each subset does not necessarily converge to zero.
To analyze such cases, we introduce the following concept.

Definition 2. We call the element A € R(A) p-atom if

(a) u(h) > 0.
(b) u(ANA)=pu(A) or (AN A) =0 for any A € A.

We denote the set of all p-atoms by A and, for each A € A, A(A) denotes the
set of all p-atoms under the restriction to A.

For any A € 2 and B € R, either p(ANB) = u(A) or u(ANB) =0 is true. (By
the definition of p-atom, for any B = {B,}, .y € A, p(AN B,,) = p(A) for any
n € N or there exists n € N satisfying (A N B,,) = 0. The latter case implies
that u(A NB) = 0 since the sequence {B,}, oy is decreasing.)
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Definition 3. Define the relations ~, L on A as follows.
A~B < p(A) = pB) =pu(ANB)
A1lB < pu(ANB) =0,

where A, B € A.

Lemma 1. For the relations ~, 1L on A and A,B € 2, we have

(a) A~B or A LB.
(b) Set A={A,}

B = {Bn},cn, then we have

A~B < lim pu(A4,AB,)=0.
n— o0

neN’

(c) ~ is a equivalent relation.
(d) A/ ~ is at most countable.
(e) {u(A)|A € A} has the mazimal value.

Proof. (a) ~ (c) are clear.
For the proof for (d) and (e), it is enough to prove, for any € > 0

{A eAlp(A)>e} /)~
is a finite set. (A ~ B implies p(A) = u(B).)
For the assumption in proof by contradiction, we assume that {A € Ql| wA) >e} [/~
is not finite. Then, for n satisfying % > p(X), there exists {A,; };L:l s.t.
Jk<n,j#k=A; LA

and
w(Aj) >e, Vj<n.

Let A; be expressed as A; = {A,(cj)}k . Then, for any j, ¢, we have
€
1i () Dy _ o
A0 A =0

Therefore, for each pair j, ¢ < n, there exists large enough K;, € Ns.t. i (A,(j) N A,(f)) <

€
— fi k> K;,.
™ orany k> Kj,

j=1 j=1 =1
n Jj—1 c
> _ —
j=1 (=1

-1

an—(n )62E>,u(X)
2 2

This contradicts the monotonicity of y and thus concludes the proof. L]

In the process of refining the partition of the space, any p-atom contained in
a set is inherited by one of the resulting subsets. Consequently, the measure of
such a subset cannot be smaller than the value of the p-atom.
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3 Concepts on finitely additive set functions

First, we introduce the following concept to avoid some unnatural cases.

Definition 4. Let (X, A, p) be a bounded nonnegative finitely additive set func-
tion space.

(a) (X, A, p) is natural if and only if there exist A C A such that A = A(A)
and p(A), p(A°) > 0 for any A € A, where A(A") denotes the smallest
algebra containing A’.

(b) (X, A, pn) is separable if it is natural and, for any pair x,y € X (x # y),
there exist A, B € A’ satisfying x € A, y € B, ANB =0, where A’ is the
subfamily of A defined above.

The following example is a typical non-separable and unnatural set function
space.

Ezample 2. [5] Let X be an infinite set, A be the set family of all finite or
co-finite sets, and p is defined by

1A% < 0
0 otherwise.

) = {

Then, p is a bounded, non-negative, and finitely additive set function on (X, .A).
This, however, is neither separable nor natural, which is evident from its prop-
erties.

Next, we define a(A), b(A) for each A € A as follows.
a(A) = sup {H(A)|A € Ql(A)} ;o b(A) = p(A) —a(A).

We initially attempted to prove the following condition in full generality or under
minimal assumptions. However, to avoid unnecessary complications, we chose to
incorporate it as an assumption.

Definition 5. We say that p is fundamentally decomposable if and only if, for
any A € A satisfying b(A) > 0,

inf {|11(B) — u(A\ B)| |B € A, B C A} < a(A).

In particular, when we assume a(A) = 0, for any € > 0, there exists B € A such
that B C A and |u(B) — u(A\ B)| < €.

Lemma 2. Assume that p is fundamentally decomposable. Then, for each A €
A satisfying b(A) > 0, there exist B C A s.t.

BC A b(B),b(A\ B) < % b(A).
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Proof. In the case where a(A4) = 0, the lemma is clear by Definition 5.

Assume that a(A) > 0. By Lemma 1, {(A)|A € 2(A)} has a maximal value.
There exists A € A(A) such that pu(A) = a(A). Then, there exists B; € A,
satisfying B

a(By) = a(4), a(4) < p(By) < a(A) + +H(A)

since we assume b(A) > 0. Defining By = A\ By, we divide the proof into several
cases.
First, we consider the case a(B;) < —+b(A). Define
o = inf {[j(D) — (B2 \ D)| |D € A(By)}
Then, the fundamental decomposability of p implies a < a(B3), and this implies
that there exists D € A(B3) satisfying

0.< (D)~ (B> \ D) < —-b(A).

Remark that the above inequality also implies that u(Bs2 \ D) < u(D), then we
1 1
have p(Bs \ D) < 7u(32) < ?b(A) using the above assumption.
Define B = B; U (B2 \ D), then D = A\ B. Therefore,

b(B) < —-b(A) + - u(B2)
< £ b(A) + 5 b(A) < %b(A),
A\ B) < (D)
< 5 (B +a
< 5 #(B)+ + bA)
< % b(A4) + = b(4) < gb(A)

Next, we consider the case a(Bz) > —+b(A), and define B = B;. Then, we have
A\ B = By and

This concludes the proof. O
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4 Measurable Closure

We now define the measurable closure of a finitely additive set function space.

Definition 6. Let (X, A, ) be a nonnegative, bounded, and finitely additive set

function space, X be a set, and ¢ is a map from A to 2X. Then, (X,¢) is a
measurable closure of (X, A, 1) if these satisfy the flowing (a) ~ (e).

(a) X C X, equivalently, there is an injective map v : X — X.
(b) o) =0, p(X) =X, and L(A) C @(A) for each A € A.
(¢c) ABe A, ANB=0 = p(A)Ne(B)=70.

(d) VA,Be A, o(AUB) = p(A)Up(B).

(e) If A € A and {A,},cn C A satisfy p(A) = G ©(Ay) then p(A) =

> A

Note that condition (e) is an essential property of this definition.

The following lemma presents a property that can be derived from existing
results using standard techniques. Thus, we provide only a guideline for the
proof.

Lemma 3. A measurable closure ()Z',go) of (X, A, 1) satisfies the following (a)
~ (c).

(a) A= {p(A)|A € A} is an algebra.
(b) fi(A) = u(A) is o-additive on A.
(¢) For a subset A C X ,define

(0 e {3
n=1

(1), e i< O 2}

then,
Ao = {Z‘g(é) = u(BNA)+u(Bn A%, VB C )?}

is a o-algebra.

(d) i is o-additive on A%, and ji°(A) = fi(A), VA € A.

Outline for the Proof. (a) and (b) are straightforward. The outer measure,
defined similarly to p?, satisfies sub-additivity and continuity from below. The
proof of (¢) and (d), therefore, follows from Corollary 2.6 in [6]. U

We also denote the restriction of 17 to B=A by 1. The o-additive measure
space (X, B, 1) is also called the measurable closure.
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Ezample 3. Let (X, A, 1) be the same set function space with Example 1.
(X =10,1]NQ.) Define

X =10,1]

o([a,b) NQ) = [a,b), Va,be X.
Then, we can extend the map ¢ to A, and ()~( ,) is a measurable closure. The
extended measure i is given by

L=A+0. +6

1 1,
2 V2

where ) is the Lebesgue measure on [0, 1].

Theorem 1. Let (X, A, 1) be a non-negative, finitely additive, bounded, funda-
mentally decomposable and separable set function space. Assume that A is an at
most countable family. Then, there exists a measurable closure for (X, A, ).

Proof. In the case where A is a finite set, the identity map satisfies the con-
ditions for a measurable closure. Then, we consider the case that A\ {0} =
{An},en is not finite.

We may assume that A; = X. We will define a sequence of finite partitions

N

{]D)m = {D,(:'AL)}]C 1} ensuring that each D, is a refinement of D,, 1. The
construction proceedsma%Nfollows.

Let D; = {A;(= X)}, and define v = . Set M = b(A;). Then, it is clear that
for any D € Dy, b(D) < Ma® holds. Assume that we have obtained Dy ~ D, _1,
satisfying the condition that for any & < m—1 and any D € Dy, b(D) < MaF~!.
We then set D' = D, ;. Clearly, for any D € I/, we have b(D) < Ma™ 2.

In the case where A4,, € A(D'), where A(D’) is the smallest algebra containing
D', consider the refinement

{DNA,,DNAS|AcD},

and this refinement is also denoted by I'.

In the case where D € D' satisfies Ma™™! < b(D)(< Ma™"2), we need
to subdivide D so that each resulting subset D’ satisfies b(D') < Ma™ 1. By
Lemma 2, there exist D1, Dy € A such that D’ = Dy U D,

b(D1),b(Dy) < ab(D') < Ma™ 1.

Thus, by induction, we obtain a sequence of partitions {Iy, },,y satisfying, for
each m € N, the condition

b(D) < Ma™*

for all D € D,,.
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Next, we consider the following family of decreasing sequences of sets.

x:{gz{p,g@}

m}meN € H {1 ’ ﬂNm}u

meN

D"t ¢ D™ ¥m e N } CR.
Next, we define ¢; X — X as follows. Fix arbitrary x € X and m € N. Then,
there uniquely exists j(m,z) < N, such that z € Dj(}ﬂni 2+ Define z) =

{DJ(Z?L I)} N €X. Then, as we defined in Definition 4, the separability implies
K me

that ¢ is injective.
From the construction of the partition {D,},, .y, for each A € A, there exist
m € N and D' C D, such that A = Up,. We can define

oA = {AEX‘DEA}.

DeD’

and

A= {p(A)|Ac Ay u{0}.

Then, we obtain that Ais an algebra.
Using p-atoms, we define

AeA,ACA

where A = {A,}, .y C A means that A, C A for sufficiently large n. Remark
that we have b/(A) < b(A) for any A € A.

Using the fact that two different atoms A;, Ay € X satisfy Ay 1L A, and
Lemma 1, we have

pA) =YW+ Y pl).

AEX,ACA

Set I =1[0,0/(X)] and A" = {A € )?‘A € 2[} Let A be the Lebesgue measure on

I, and define a o-additive measure v on 2’ as follows.

v(U)=> ph), Uc.
AeU

We consider the measure space (I U2, A + v). For an arbitraly element D§m)
(meN, j <N,), we define

Y(p(D§™)) O (D™, O D‘““) U {alacpim}

k=1 k=1
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Thus, we defined a mapping 9 from A’ to B(I) U 2% . By the above definitions,
for each A € A, we have

p(A) = p(p(A)) = (A + 1) (1 (p(A4)))-

Suppose that {A,},cy CAand A € A ({p(4n)},cn C A, (A) € A) satisfy

we have

This equality is key to the proof, and its validity can be shown by assigning to
each A € X a Cauchy sequence in I. The sum on the right-hand side is not
necessarily a disjoint union, however, the measure of every pairwise intersection
is zero. We therefore have

(v + V(@A) = D (1 + N (W(p(4n)),
n=1
and
Alp(4) = f(An).
n=1
Thus, we have the o-additivity of i and this concludes the proof. Ol
Conclusion

In this paper, we introduced a novel approach for extending finitely additive set
functions to o-additive measures through the construction of a measurable clo-
sure. Unlike classical methods based on Stone spaces, our framework emphasizes
intuitive and constructive techniques that avoid reliance on non-constructive
tools such as Zorn’s lemma.

By systematically refining partitions and utilizing the structure of p-atoms,
we demonstrated how to embed a given finitely additive measure space into
a larger space in which o-additivity naturally emerges. The construction of a
measurable closure allows for a seamless transition from algebraic to topological
and measure-theoretic perspectives.

Furthermore, we showed that under assumptions such as separability and
fundamental decomposability, the existence of a measurable closure is guaran-
teed. This provides a concrete path to understand the limitations and possibili-
ties of extending finitely additive measures, shedding new light on the interplay
between algebraic structure and measure-theoretic completeness.
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We hope that this framework serves not only as a tool for analysis but also
as a foundation for further exploration into the constructive aspects of mea-
sure theory and its applications in related fields. For the generalized Mobius
transform, for example, an axiomatic definition of the Mobius transform was
provided in [7], which includes the one defined in [4], and these are formulated
as finitely additive set functions. Further developments can be expected based
on the analysis presented in this paper.
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